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i1 HUNGARIAN PROBLEM BOCK I
1z HUNGARIAN PROBLEM BOOK IT
13 Aaboe, Asger
EPISODES FROM THE EARLY HISTORY OF MATHEMATICS
1k Grossman, I. ard W, Magnus

GROUPS AND THEIR GRAFHS

Following each topic lizted below is a set of rumber pal>= such as (1 ,
The first numeral refers to the volume in the series, and the second, in most
cases, to the chapter in that volume, Thus, (1 , 3) refer: to Volume 1,
Chapter 3., In the case of Volume 5 which 1s divided by section ingtead of by
chapter, the second numeral refers ta the section specified., Volumes 11 and 12
are callecticns of protlems of the E&tv8s Competitions for the vears 183l
through 1929 These are printed in chronological @fjéi For thesge, the
reference (11 , 1899/3), for example, indicates VDluWF Ll Problem 3 of the
1899 competition. ﬁh@ds references vhlch we to “r challensing have

an asterisk to the left of the reference des

i

Topdc
Aprroximations to V2 (v, o
Composite numbers (6 , 20)
Decimal representation (r,2), (1, 3), (12, 1907/3),
(12, 1917/2), (12 , 1925/2),
(12 , 1927/2)
Divisibility *(11 , 1899/3), (12 , 1325/1), (6 , 20)
Equivalence relation =(1u , 7)
Identity element (z, 1)
Inequalities (1,3),(G,10,(G,2), G, 3)
Graphs of inegualities (3, 3)
Linear equations (&, 22)
Natural numbers and integers (1, 1), (12, l?Dij)
=(12 , 1213/1), (12 , Q“h/
Periodic decimals (1, 2
bt (6 3 19)
Primes (1, 1), (1, Append A),
(6 3 EDi (13 3 é)
Proofs (1,2
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b Chapter 12

WTORE AND DIVIGIBILITY

he will

to his 3 s
ouvld go to son Phil,
d 4+ of the cows to Bill.

= none of them wanted just
=r.>d to require. As they were

along, leading & cow to mafﬁét The

uugm;mdgﬁd,"ﬁmﬂa le.

”3‘“5 and tr again;" The boys were

We in;tead @I 1l. Pﬁil tcak

2 COWE.
will d were ﬁaw happily
cow arnd went on hiz way.

you to think that each voj

ki
and = :‘;i;
Eve about the =story.

the will orovided

= A3 le j'l T -
4 FL ot f‘E"i. -
[A] 1less than 1.
LBl equal to 1.
(¢l ater than 1.
—_ R | I
The sum is v [A] is carrect.
for distributing his property sti 11 left
Regardless or the larmer's arithmetic, thi
point. In this problem the number 12 was easier
number 11. The reason i:s that when w divide 12
sécti@ﬁ we gzhall confine our
rs. We are going to be particularly
5, 12 iz the product of 6 and a
hall say, therefore, that 6
12, Similarly, b4 is
- "
-1 . ¢ . i
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. If m and n are positive integers and if m is a factor of n, we
sa;v that m divides n, or n is divisible by m, o _
We have been limiting our discussion to positive integers. However, it
is sometimes corvenient to use the vocabulary of "factors" and "divisibildity"
in speeking of O &z well as the positive integers.

28 | If a 4s any positive integer, a( ) = 0. a(0) =0 -
Since a(0) = 0, for all positive integers a, we

2¢ | shall say that "a B a factor of 0Q". . is
is,1is not)

30 | Thus, every positive integer is a factor of 0

31| 8(0) =, hence 0

32 is a factor or O, 8

33 divides =, 8, 0

ositive integer, a, 1z a factor of O,

ry
say that a 0. divides

In summary, we shall say that O is divisible by every positive integer,
but O does not divide any number. Division by O 1is not defined.

— S [

S 35| Is 2 a factor of 2 2 _____, since ° ‘ Yes / ‘
36 | (2)( )= 2. (2)(12) }+ 24

37T} Is 3 &, factor of 24 2 7 - yes
a factor of 24 ? o “yes

a factor of 24 7 no

")
[l
H
I
i=

g

(PR
W oW
.

RSN
i
|

5 1is not a factor of

—— ko | integer q such that 5)(q) = 24

The set of all factors of 24 is {( ,,,,,,, J. {1,2,3,46,8,12,24)

—— — '7 = T —— = )
42 | Divide 89 by 13. Is the result an integer? _ no

+43 | Is 13 a factor of 89 ? , ' no
4y | Does 13 divide 89 ¢ _ no
- 91, 13.x7 =91, .

45 | Divide 91 by 13. 13 %

e | 13 - _ a factcr of 01,

Lok

D 13
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by yer by l3. is a;viaib;g Ui

18 | 13 - _ 91, ' ﬂiﬁeg
Taivides,does not divide) . ’ e
49 | Is 2 =& factor of 86 ? - 3g§{

50 | 1s 3 @ factor of 2,797 ______ | e
51 | Is 4 a factor of 10,136 2 ___ o yes
a
a

52 | Is a factor of 8,965 7 ' _ yes
53 | Is fagtor of 133, 704 % . ) yes

o F W

If @i integer has proper factors, we shall call it factorgble. Thus,

]
™

.. is factorsble. Si?géﬂg%l has no proper factors, 11 1s not factorable,

54 | Which of the follow ;?g

ts consists entirely of integera which are
not factorable? ‘

: b [A] 85, 29, 93, 9k (c] 51, 29, 61
[B] 51, 29, 94, 61 [D] 29, 37, 61

ather hana thére ara
[Iﬁ is carreet, ' ‘7 B o U
;_ ; RN LR
12-2. .Tests fcr Div:.sib ility

Thera are many occasions when we wish to determine whether a givéﬁ p@sitiwg
integer iz or li not factérablé; ﬁnf@rtunately,xit iz not always easy to do
so. For example, 74,329 is factérable,;since it is divisible by 311, but
#e cannot quickly.see that " 74,329 = 311 X 239. On the other hand, our exper-
ience with arithﬁe%ic enables us to tell at a glance that 10 is a factor
of 31?,44(3; . .

You‘probably already know tests for divisibility by 2 ‘and by 5, as
well ds by 10. We shall state these tests, and we shell develop tests for
divisibility by 3, by 4%, by 6, and by 9.

All of these tests depend on the fact that we ordinarily write a positive
integer in decimal notation., That is, 3286 means 3(1000) +2(100) +8(10) +6.
We refer to 6 as the last digit (or the units digit) of 3286: Moreover,

- )4_(:5
1
R . 7 B L e
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every positive integer n may also be written in the form
n=10a + b
where & and b are integers and 0<a, 0<b<9.

For example:
3286 = (10)(328) + 6,
and 765 = (10)(76) + 5.
In what follows in this section, we shall think of all numbers under
discussion as written in decimal notation. We shall thus be able to use such
phrases as "the last digit of the integer", meaning the last digit if the

number is written in .decimal notation.

You have already learned, from experience, that an
integer is divisible by 2 (has 2 as a )
if the last digit of the integer is 0, 2, L, 6,

[

2 or .

3 Otherwise, the integer is not divisible by .

For example, the only element of the set

{800, 1215, 1492, 1776) that does not have 2 as a o
L factor is . da21s

Although we are familiar with this "test" for divisitility by 2, it is°
interesting to prove that the test is correct. Our proof offers a pattern for
developing other "tests".

Starting with a giveariﬁtéger n, we may write

n=10a + b (0<a, 0O<b< )

L

We have seen in Section 12-1 that in order to determine
whether 2 1is a factor of n we need to determine
whether ﬂ% is an integer.

o _ n 10a + b
We =zee that 5= 5 —

a3
I

= 58 +

oo

is an .

rol s
\

7 n 1is divisible by 2 1if

3 s an integer if n integer!

ml o
o
4]

E

406
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Case 1, If Db 1i:

i
™

1]

=

8 then

[ Tes

and thus = is an integer.

Now: 5 is an integer, a

an integer.

. _ b :
Hence, 5a + z iz an integ
} = =

- . - - b
9 But, from Item 6, 5a + % =
It follows from the fact th
10 isa = of n.
Case 2. If b iz 1, 3, D

!

12 |In fact, % iz
=

b
i Tl
-

-

property of the set of integers under addition.

ez of b, We shall separate ¢
, 6, or 5: i
by, 0,1,2,3 or b
L . . b
i an integer wid 5 is
cr, because ol the cloosure

n o n .
e Hence, 3 lcan . integer

Since 5e& is an integer an

n - :
we see that =, which eyuals ba +
=

b, .
at = is an integer that
= g
factaor
) b
, T, or <, then = 1=
integer
14,3, bord
o 505 52873
Lo
d = 1o not an integer,
2
b
=2
(==
i=z not
2 iz
factor

We shall not attempt such a
ibility as we discover them. We

might be carried out.

detailed proof for the other tects ror divis-

shall merely Lndluste or cacls how the poool

You know how to recognize w
a factor. )

15 |An integer divisible by 5
as its last digit.

Thus, 25, 6070, 1115, and
16 |by .

hether an integer has 5 &s°
has either 0 or ) ]

42310 are all divisible

hot

ke
I .



To determine whether n is divisible by 5, we

examine the last digit of n. If this digit is

17 or _ _we know that 5 ig a factor. . 0,5

18 |[Otherwise, 5 isnota factor

*  [To prove this test for divisibility by 5, we can

follow the patter:s of the prool for the test for
divisibility by 2.
n=10a + b, a and b integers, 0 < a, and

*19 _gbv< 0<bg9

Whether 5 iz a factor of n depends upon whether

%20 % isan integer

10a + b .

*x21 ngiﬁ_ Ea+-§"

You should be able tc complete the proof. What value(s)

fSu fad

an ianteger? 0,5

- %22 Imust b have in order to make

n -

I

[

po
Kl

whore iz an i=teger.

o

A
Pl i
"
Ty

!
|

Since is an inteper (namely, 5q) n is divisible

(W] e

by 2.
=09 __, and 2q is an integer. 199 o4

2 |Likewize,

Ry fad
|
|

25 |From this we conclude that n is divisible by .| 5

Ve have found: If a number is divisible by 10, then

W

26 |it is also divisible by 2 and .

It happens to be true also that if a number 1z divisible by 2 and by 5
then it iz divisible by 10. We shall see why in Section 12-3.

Let us take this fact for granted for the moment. Then, since we have
tests for divisibility by 2 !and;by 5, we have a "ready-made" test for s

divisibility by - 10. For n to be divisible by 10 it must be divisible by

Ty

both and 5,

Lod

¥ H

17

mk ..,;,:m;@_:;,_n T ST
O
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Consider n = 10a + E; a and b integers, 0 <b <9.

For n to be divisible by 2, b must be an element of]

- P=(0,2,,, 1.

For n to be divisible by 5, b mst be an element of
28 Q=( , 1.

For n +to be divisible by 10, b must be an element
both of set P and of set Q. Thus, b must be an

29 |element of PMNQ. PNQ = [ ).

Therefore, n 1is divisible by 10 if and only if the
30 {last digit of n 1is _ .

— — e

Let us try to discover a test for divisibility by 4.
Divide each of: 28, 128, 528, 1028, and 234,528 by 4.
31 |Eech of these divisible by L.

: {is,is not)

Consider: 16, 216, 916, 3816, and 10,016,

32 ]Each of these ____ divisible by L.

Exsmine the numbers sbove, some of which were divisible
by ‘4 and some which were not divisible by 4. Try to
state a rule for divisibility by L.

It appears that diviéihiiity by 4 1is connected with
the divisibility by L ‘of the number formed by the

last two digits.

A positive integer n is divisible by L4 if and only if the number
represented by the last two digits of the integer is itself divisible by L.
For a proof of this rule, see Items #35-%38.

: : ‘o9

O
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34

*35

*37

%38

By careful examination of the following
The test makes use of the fact that 10 =

ete., and that each of the numbers

O

ERIC
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Whirb Df the f@ll@wlﬁ? three
are divisible by L%

A] {8, 316, 412, 538)

[a
[B] (L, 606, 320, 1000)
[c] (12, 324 Sgﬁ _1016)

conmiste éﬁ*lfPWy ﬂf 1ﬂte

538 and., 606 are both
this since neither 78

correct cholce.

divigible by

o
&3

= 3200 +

= (100)(32) + 86
We have written 3286 a=s the cum of a multiple of
100, (100)(32), 8g,
is lecs than 100,

and a positive integer, which

In fact, any integer n may be written as

n = 100a + b, where a and b are integers
and 0<a, O<bg .

divizible by L4 we must

decide whether E is

]
E

b, . . o e e
= iz an integer provided b 1ig one of the numbers
T , E

0, &, 8, 12, 16, ,.., 36, You might complete the proof

by yourself.

£
It is possible to develop & simple

9 +1, 100 =

k10

but not by L.
nor 6 is divi=ible by 4.)

(We know
[C] is the

56 

0<b<99 .
integer

rule (test) for divisibility by 3.
example, you can discover this rule.
99 + 1,
9, 99, 999, ete., is divisible by . 3.

1000

999 + 1,
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Lo

L1

L3

Ly

b5

46

L7

L8

50

5(100) + 3(10) + __

%1

Pt

—
I

=5(99+ 1) +3( _+1)+7

= 5(99) +5(1) + 3(9) + 3(1) + 7
= (5 11)(9) + 3(9) +5+3+7
= (6w +309) #5437

(5«11 +3)9+( + + )

(5 + 11 + 3)9 is divicible by 3, since 9

integer.
S+3+7=15

5+ 3

1237 - i(lDDO) + 2(100) + 3(10) + __
= 1899 + 1) + 2(59 + 1) + 3(___) .7
v (111 - 9;+ 1) +2(12 »- 9+ 1) +3(9+1) +7
= (1+111+9+2+11+9+3-9) + 1+2+3+7

= (1111 +2+-11+3)9+(1+2+ + )

-

1+2+ 3+ ig not divisible by 3,

]

= - 13
have 3 as

hence,
(does,does not)

a factor.

ble by 3.

=
o
B
-1
B
i
]
e
iy
e

Therefore,

is'not .
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The general rule is:

An integer n is divisible by 3

n, written in decimal not.tion,

if the sum of the digits of
is ﬂigisible by 3.

Do you recognize (from stu&ying the examples) that we also have a rule

for divisibility by 9 %

An integer n is divisible by 9 if the sum of the digits of n,
. 3867 15 not divisible by

written in decimel notation, is divisible by 9

9 since 3+ 8+ 6+ 7 =24 and 24

is not divisible by 9.

Which of the following are divisible by 2 ? by 9 7.
n Divisible by 3 Divisible by 9
106 Yes No .
s2 |3k . .
53 1419 ) B
sh L2739 ) .

We shall see later, in Section 12-3, that if a number is divisible by 2

P

by 2

rule for divisibility by 6. g
. n iz divisible by 6

A

~ 3

]

if the last digit of n is

Which of the following are divisible by 2
by 6 %

n

129 1o yes

7 by 3%

Divisible
by 6

yes, yes, o5

S ST o ) : o
56 |uooh . I _
57 [3111 - _ —
58 5111 _ - -
59 |123,k456 _ S o

hiz

N _ 21

nd 3, then it is also divisible by 6. Thus, having a rule for divisiﬁility‘
and another rule for divisibility by 3, we may state the following

GQ 2’? AJ
~or B and if the sum of the digits of n is divisible by 3.

yes, yes, yes .




l2-2
Aﬁ lon Iin ordey t37 -
ansver the following questions without sutuall} per-
forming the division.
60 |(Is 3 & factor of 101,001 ? Yes {1+1+1a3]
61 |Is 3 a factor or 37,179 ? Nof3+ T+ 1+ 9¢9=29]
62 |Is 6 a factor of 151, 591 ? Fo [not "even"]

We have precented tests (or rules) for divisibility by 2, 3, 4, 5, 6,
and 9. Why not similer tests for 7 and for 8 7

Actually, to design a test for divisibility by 8. is not too difficult.
If you study the proof tor the test for L in Items *35-%38, you may get the
hint for a proof for divieibility by 8. Briefly, an integer is divisible by
8 if the number represented by the last three digits of the integer is
divisible by 2. Note that it is not sufficient ror a number to Le divisible
by 2 and by b4 to be divisible by 8. 112k 1is divisible by 2 and UL:
yet it is not divisible by 3. »

For divisibility by 7 the problem ic different--there are tests, but
there are no §i@glg tests, It you find the work of this chapter especially
interesting, and would like to investigate some of the topics more thoroughly,
you will find it worthwhile to do some readlng in Number Theory.

On page 29 of the SMSG Study Guides in Mathematics is a bibliography

which names several b@é&g on this topic, some of which may be in your school

~ library. .Also,.there is g reference to divisibility in the SUGGESTED REFERENCES

at the front of this book.
We conclude this section by developing one further result which is useful

later.
From your ﬁultlplltﬁtlaﬂ fact: you know that o ’i
- 63 the product of two even integers is __, and aven
6l the product ol two odd integers is . -odd

In particular,

65 . the square of an _____ integer is even, and
66 the square @f an _integer is odd.

The question we ask is: If we know that the square of a certsin integer
is even, may we conclude that the integer is even? That is, if we assert that
x is even, does .it follow that x is even? ’

Tha»gnswér to the question is "yes". Iet us examine the reasoning we

might use to Justify this answver.
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67 |Either x is evenor x is .
68 |We wish to prove that x 1is .

Let us "assume" that =x 1is odd and see where the
assumption leads.

3

=
If x is odd, then x° is .

Dy
WL
H

70 | But this contradicts our original assertion that xg y

71 | therefore, x : odd and, hence,

The method of reasoning used in Items 67-72 is of great importance in

ect argument or proof

by contradiction. To prove that a certain statement is true, we "assume"
that it is false and then show that this assumption leads to a contradiction.

We will zee other indirect proofs throughout the remainder of the course.

12-3., Prime Numbers and Prime Factorization

We have beern talking about factors of positive integers which are them-
selves positive integers. That is, when we write mg = n we have been
restricting m, g, and n to the domain of positive integers.

If we start with the positive integer 15, we refer

=

to 3 and 5 as ﬁrapér o _‘af 15.

The.factors 3 ard 5 are both positive .

[N

5 and 5 are the only positive integers which are

3 proper factors of

%hén we write 15 =3 + 5 we say we have Tactored 15

L into propér factors over the set of positive __ .
Factor 77 1into proper factors over the positive

integers,

5 T =

ERIC
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We could, of course, find other factors of a positive

= {integer if we sllowed negat integers as factors.

S Thus! 15 - (‘3)(=§)i ES

4

__ 5 and =5 are all integers vhich

T 3
are proper factors of 15 1if we allow negative e

integers as factors,

If m iz a positive interer and if m 1is a factor of

8 the positive integer n, then -m 1is also a _ factor:

of n. . : 3 I

Suppose we are asked to list all the integers which are factors of a
given positive inteéger. Our list would contain the positive factors and their
opposites. Thus, if we permit negative integers as factors, we really don't

discover any essentially "new" factors.

9 The set of integers which are factors of 6 is .

|This set consists of the positive factors of 51
10 [namely, — ' — y
11 . {and the ~ of these.

When we 1imit ourselves to positive integer Tactors wé say ve are factor-
ing over the set of positive integers.

What if we allow the set of rational numbers as the domain in which ve
icakﬁfar factors of a given positive integer? 1In other waéﬂs, what if we
factor over the rational numbers? Let us try an example: What rational
numbers would be factcfs of 15?‘

When we think about factoring 15 over ﬁherfatiéﬁéi‘

mumbers (using rational numbers as factors) we see many
possibilities. .

12 1In this_sense % is a of 15, since

13 ()R

W

n |3

5 [@E)( ) -, (B5+qg=___)

16 |3

]
5

O
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The set of rational factorz of 15 would he

17 E.(E.fl) . set, infinite
(finite,infinite) o

In fact; over the rational numbers every rational
number except O would be a factor of 15. “Thus, T3,
for example, would alsc be a factor of 15,

18 |since 73(%) = 15.

SI5

In the same way, every rational number except O would be a factor of

every positive iﬁtegéfi Thus, factoring over.the rational numbers will not
be considered further. Usually, factoring over the positive integers gives
us the most interesting results, and -so when we spesk of Kfast@finé" a positive

integer, we shall always mean factoring over the positive integers.

[ =

19 |Which of the following lists céﬁfsinsra§ly numbers wﬁich,havéiﬁé proper
N { - - .

Al 2,3,5,7, 11, 1
B] 3,5,7,9, 11, 1
oz ]

List [B] contsinz .3,

9, 10, wand 15 have proper factoraz.

The set {2,3,5,7,11,13,19) contelns no numbers which
20 |have factors. | ) proper
Are there integers between 1 end 20 which have -
no proper factors and which are not in the

21 |set {2,3,5,7,11,13,19)* _ ves
L, 6, 8, 10, 12, 14, and 16 do not belong zince

each.of these numbers iz divieible by 2 and thus

i

22 |contain a proper factor of =,

]

9 and 15 do not belong since sach containz & factor

23 |of . z

24 belongs. in the set zince it haz no proper. 17

factors., * e

E - . E

O
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5 | } is the set of all positive integers
1 &l

ngéétér than and less than 20 which.contain
no proper factors,

Numbers greate;r than 1 which have no proper factors

are called prime number:, i
7 2 and 3 are Pr’ime: L Ers, Wi o
26 |are not = numberc.
27 a7 _ a prime
ig,is not

28 . |(2,3,7,11,13,17,101 ~ wontal -

A prime number is a positive interer -
factor,
29 |There are IRER
30 . |The prime sumberz lec: . )

31  |The next prime number aiter

A prime number iz a positive l:ii.

32 |than 1, and which hat .o

7|All even numbers greaior Tha:

hix

33 |factor of oy themrooone,

3
""34 {than 2 canbe a RO

.35 [prime = number.

The number 2 is a prime nurte o,

36 |Al1 positive odd numter: ui. o 7
[A] +true

Is 9 a prime anumber? L 1 ..
included as a prime mumber, e Lo
When there is no possibility of
‘number simply as & "prime". Ilhuz,

Rules of divisibility will be or

'is or is not prime.

- 5

{243‘!5;?;11

13,17,19

1z-3

]



k|
=

W
]

W
(]
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3+ 3 =12, *therefore, 3%

prime,

Jiute whether each oo the rollowing ic pris

7
ic

I
6]
]

]

(tiow meny)

Every proper factor of 14 iz also &

i
e
b
=3
[

On tlhie other hand,

[¥5

[
i}
o]
D‘
=3

not prime

prime
not prime
prime
prime

not prime
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)
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(3)(3)(7)

3o« B
2o 9o D
=

2
-
Lol
-
]
»
L%

Live]
»
v
.
Tt



=

(%
L]

o

let us find th prime factorization of 3276 making full use of our

e
tests for divisibility.

We know that 2 divides 3274, since the last digit,

71 |6, is divisible by ___ . 2

1636

—J
Iy
o)
=
<
=
L
M
(%)
LN
—~1
e
o
e
AN
»
b
[
W
=
a
rt
o
e
pa
i
[
§

75 |The gquotient iz . 819
Cince 2 ic not & factor of 513, we spply our test
}faz divisibility &y 3
7, B+ 1+9= , which is divisible by 3. 8.
Hence, 019 is divisible by the prime ﬁurm51 3.
7= |Dpividing 819 by 3 gives the quotient .
N  divide 273.
Tdoes,does not)
77 Divide 275 by 3. The jguotlent ic .
73 |71 iz not divisible by 3, sinee 9+ 1= __
which 1z not divisible by 3.
51 1s not divisible by 5, since it does not end
[ in 0 or ;

v
=

Trying the next Walgeatp ¥ime aftsr 5, we see that
30 - does divide 91.

31 |In fact, 91 divided by 7 gives the guotient .,

which is a prime number.

Panl
e

Sumarizing, 3276 = (2

)
(2)(2)(3)(273)
35 - (2@))(C (o) @)
(2@ )a) _caxe;@m
= (2)(2)(3)()T)(13)

EThis iast ?rgﬂuct is the prime factorization gﬁr 32?5;
LA RS
20
- k20
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Here

i

and the succes
continued urtil

can be reasd oIT

85

-
et
I

[

all name 258, We must rementer,

prime, FHence, [C] is nct correct,

maxes no differencs. Hence, szither

o Qo o o
83T &F &
J L T S

O P

£ B

[

==l

Wi

LTn
=
[
=
L
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IR A [ QWEYEL -2 L

0= ()(0)

~EENC N
0= (GENAE)

is used as a factor

iz used

o
[ix

a factor .

twice

once N

Fund

amental

Jthough possibly the order of the factor
Laz
L5 W
34 .

v}

i

s

Theorem of Arithmetic iz illustrated by this example.

lead to the same
diffegént.

1



Find the prime factorization of 1764, .
Since the pumber represented by the last two digits of
102 |1764 is divisible by _ - b

103 1764k = ( )(4h1) L{khg)
()(2)((_)(+9) . Ssince bearieg, | (9)09)

: o (@) @ABGNTHT)

104

i

105 |- -

Find the prime factorization of each, using any

convenient method.
106 [u36 = ( )(31) 2 and 5 divide L3g, (6)(81)

107 —_— (2)6)E)(3)€3)(3)
108 [W8ho = | @snuwer

109 |wss = (3)(5)(97)
110 [1096 = (2)(137)(2) (@)
111 [Suppose we know tnat x, Y, and z are positive integers such that

X ey sz =66 and that

x # 11, y = 2; then we can conclude that

z has whizh of the following values?

(Al 3 (3] 11 [C) either 3 or 11

S N

The prime factorization of 66 1 (2)(3){11). ‘One of the mumbers
X, ¥, OF z pmust be 11 beceuse the prime faﬁtéiiﬁé&ign of.: 66
H ] ;'ll-- )

is unique, Since x # 11 and y = 2, it follows that

In finding the prime factorization of 300 we might
think:

_ )_! . 15{) A

112 300 = (2)(__
or we might -think:
11z 300 = (3)( ) 100 RO

The prime factorizations we find will be the same in

either case (except for the order of the factors, which

doezn't matter).

k23

Cy
3
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17 we Know only tnat 2 and ;  are both factors

zation

[
it

T
O,

2 and 5 are both
), or 10. (zj(3;

f—
[

i
Mt
W

actors of a number, then =o is (2

iz @ factor of a number, then we can

conclude that, in the prime factorization of the number

"_.l\
(o
-]
%]
o
e
T
R
w
o
b
il
Ik
v
[F]
o
o
Lo
]
it
|
M
ol
bA
it

. twice

(how many timcz)
Thus, if + and are both factors of a number n, =

3
then the prime factecrization of n has the form

» primes

=]
iy
=
7]
I
-
Ly

such a number n rust have 12 as a Tactor.

6 and 3, can we conclude that it is

ot containg

If a number n is divisible by €, its prime factorizal
(2j(3}. FKnowing that the numier r

divisible by 3 givee no

additional information. Henve, 17 13 corrset., Kotlocs thmt 20

dfvicisle by € and by 3, .t eon by 16,

Lek
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& factor of 91,215 7
factor of 187,326,643 7
actor of 187,326,648 ?

The sum of

The sum of

=y

o
y
[

Ly

e
=)
i

Ly

§ 5§

by

oy

occurs for the factorizaotion

end 6 1is .

and 3 iz .

There gre three distiret ways of writing

factors: 1 + 12,

and 12 is
and & is =,
and & is

ive dictinet factorizations

and 50 is
Aall 25 is o
and 20 1is S

Notice that, imr our examples, the larrest

It

1l X ne

Section 12-k,

425

12-3%
yes{testfor 3; 3]
yes[testfor 3 &)
yes{test for 2; 9!

7
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conjecturs true? Let'.

o

I

[}
i}
o

[
o
£
=]

(& multi-

the dic-



I
I

T
=i

i

1k voar O,
ol .
Iz 5 (7 0+ )7 -
16 e : 2 Justor ar Le, T |2

-
—}

L

=

[
o)

ks
Ml
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12-4

At this point you may suspect what the general statement will be,

Theorem 12-k4a.

is a fector of both b and ¢, then a

For positive integers

of b+ e,

Try 1o prove Theorem 12-4a on a separate chost

I

proof is zimilar to the previous one. Do your
wnich to compare your prooif.

a, b, and

e, if a

is a fector

Theorem 12-%a. For positive integers a, b, and c

if a 1s a factor of both b and c,

is a factor of b + c,
Proof':

There exist integers p and g It is given that
such that b = ap and ¢ = ag. is a factor of ©®
2l and also of

b+ c=a8p + ag
22 of .

23 v +c=alp + g) ______ property.

(p + q) is ar integer.
24 , is

addition.

under

Therefore, a 1is a factor of

b + c.

Addition property

The set of integsrs

Definition of factor.

=1

. c

equality
Distributive

closed

:TVG other vseful theorems will be considered,

one of them,

The following items suggest

2 ]2 7 & factor of é, and 2
: is,is not) Ti

factor of (6 + 5).

26 |Is 2 a factor of 57 _

~a factor of 10, and 5 a

[1s,1s not )
factor of (10 + 13).
5 a factor of 13%

29 |8 a factor of 2k,

(is,1s not)

factor ot (2k + 31).

30 (8 a factor of ° 3l.

428

.3y

is, is not.

nc

is, 1§ not
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'
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o
s
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+
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12-4
Complete the next five items and see if they lead you
to mnother conelueion.
37 a factor of 9, is, is
a factor of (9 + 12), S
38 Is 3 =& factor of 127 : ves
39 a factor of 21, “and 7 ) is, is
a factor of (21 + 28),
ko |7 & factor of 28. is
(is,1s not)
L ]
Our suspicion is: If a number is a factor of the first
of two numbers and if it is a factor of their sum, then
L1 it . & factor of the second. is

Items 37-l1 suggest
Theorem 12-4c. For positive integers a, b, and c, if a is
a factor of b, and a is a factor of (b +c), then a

is a factor of «c.

*Légriif y@urwish '%ry to prove Theorem 12-lLc and then turn to paéé i

%@ see one methad of prcving lt.

Although these theorems will be used in a later chapter, an application of
them will be seen in the following problem.

The area of a rectangular field is 288 square feet.
One-half of its perimeter is 34 feet. Find the length
and width of the field. (Recall that the area of a rectangle
is equal to the product of the length and width, end one-half
the perimeter is equal to the sum gf the length and width,)

N

B Undoubtedly, you can find the solution by trying peirs of numbers until

you find a pair wliose sum is 34 and whose product is 288. We shall, how-
ever; use some of the theorems we have proved to guide our reasecaing.

H
i
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L6

We wish to find two integers «rose product is 288 and
vhoseTsum is 3k,

The prime factorization of 288 'is .

288 contains. 2 as a factor ~ timez and 3 as

a factor times.

Between then the two integers must contain in total

five factors of 2 and = factors of 3.

If one integer contained the factor (2)(2), then the

other integer must contain the lactors .

Although the product of (2)(2) and (2)}(2)(2)(2)(3)
is 288, (2)(2) anda (2)(2)(2)(3)(3) is not the
solution to our problem since the sum of L4 and 72

as required,

12-4

4

-

(2EQERG)

five

two

{2)(2)(2}(3)(3)

Since the product of the two-integers cortains factors of 2,

we know

that at least.one of the integers must contai. a factor of 2 which we

represent by this diagram:

L9

50

51

one integer other integer
- n

(2)( )  + ()

3

sk
B
s
L]
B

number and thus contains

even,odd

B as a factor,

- , - =
By Theorem 12-Lc, since 2  is a factor of at least one
of the integers and 2 is a factor of 34, the sum of

the two integers, 2 & Tactor of the other

integer.

ra ) =
We represent our reasoning to this point as

one integer other integer
= e = e

72()7 + 2( ) - = 3k,

288 has 5 factors of 2, consequently, we have

-more factors of £ . for which to account.

(how many) .

|tet?s answer next the guestion whether each of the

integers may contain ancther factor, of 2,

. b1 .

P

¥

is

thres

:I.



integers contained another factor of
2

ot the

Tt
o]

owould now contain at least two factors of

u T would Te divizible by . - -
— L g - . -

LD s o (E)(E)

is a factor of each of the two ; o

Crrs, then b ) . be a factor of would A\
(would,would not) . ‘ )
< _ ) = 1
= 3%, by Theorem 12-la, . I
ES\ )
: . _ _ o =1 _ i
© not a factor of 34, Therefore, one
: canotl contain more than one factor a
ol __» and the other integer contains the remain- 2 .
Jour lactord oif . )

ritutlion oi' the factors ol

-

other interer .
e *

v (2)(2)(2)(2)( )

mist be conteined in one of

=
=2

7w Lactor ol both of the integers, by

R - B __ be a ractor would
(would,would not) ) .

[T
£

a factor of 34, 3 iz not a factor

.LJ).L.‘_'

Interers, by Theorem 12-hb,

oo, the actors or 3 must be kept together,

weohmve tie rollowinge two choices:

one Literer
e ———

ot Lnte

other integer
e e o

O
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(2)(2)(2)(2) = 3k
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cholve iz

(D) v @e)a) -

i 2

+ 1 £ 3h,
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59
60

61
62

At last! We see that the rectanglé which hss an area
of 288 sq, ft. and which has 34 feet as half of
its perimeter, must have a length of _ _ feet and

a width of  feet,

18 % 16 =

18 + 16 =

diffi

secti

Altﬁaugh the reasaﬁing which we have outlined is lengthy, it is not

cult,

In the following exercises try to apply the theorems presented in thiu

on or t@.recagnize vwhen they are applied.

63

64
65
66

ETL

68

The prime factorization of 36 is
In order to find two nurters whose product is 36 and
whose sum is divicible 1, 3 but not by 2, we should
split the __ - betwe~n the two numbers, but keep

the together.

Therefore, the number:z ure and .

Two numbers whose product is 36 and whose sum is

divisible by 2 %but not by 3, are , and s

There are two pairs of numbers whose product is 36 and
whose sum 1s divisible by neither 2 nor 3, Théy are

1 and 36, and _ and .

12

The prime factorization of 150 is-. .
Can you find two integers whose product is 350G and

whoge sum .5 even? : "\

{yes,no)

whoge sum is divisible by 57

(yes,no)

whose sum is divisible by 37

(yes,no

433 40

2X2x3%X3

3's. -
2's

évﬁnd 23333;,?
@ -E;Sﬂé ;851




73 [How many pairs of integers heve 150 as their praduct and have & sum
which'is not divisible by 57 :

,,

[A] one pair

[B] two pairs

[C] more than two pairs 7 -

5's together,
ould have:

s; there-are 4. pairs of numbers whose product Ls 15
whose sum is not divisibie by 5.. The correct answer is [C]

*7h | Write the prime factorization of the first number in each of the

following: Use it to find twe numbers whose product and whose sum are
-3 indicated. One of these is impossible. Which one is it?
[A] Product is 216 and sum is 217,

[B] Product is 330 and 51.,1_1:1 is  37.

[C] Product is 500 and sum is  62.

orrect choice 18 [C]. 500 = 2e2+545+5; 63
o :
sible by 5; therefore,. the grouping. woi

; t 2+ 250 £ Ge. ’

(M) end (8] aves |
| 217
37

]

. 1% 216, . 1 +216
15 % 82, 5+ 22

it}
It .

£ =
()

T gk
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176
*T7

*78

*79
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If 4 boys ;havel znow fram sidewalks and charge 50 cents for a gtar
and $l.5D for a house, how many store walks and how many house walkg
should they shovel in order to split the money evenly?

[A] An even Aumber of store jobs and an even number of house jobs.

[B] An odd number of store jobs and an odd number of house jobs.

(c] Either [A) or 3],

is even, the intégers must be éithé: bgth even Qr
adﬂ ﬁhen y is odd. i

Thus) if the boys accept an éven nﬁﬁﬁ»_véf éfére-

accept an even aumber af h&nse jéﬁsé if they aceept” ; 'i.ﬂumbér;vﬂ~

of store jobs, they mist azcept an eﬁﬂ numbﬁr of hous
[C] is the ccrregt shnieeg i

]
o ~ o _ o - - 1

Far what pos 1t1ve lnteger % 1s 3 a factor of

6 + hx 1

Theorem 12-4a states: For positive integers a, b,

and ¢, if a 1is a factor of both b and ¢, then

8 1s a factor of b + c. -
6 + hx corresponds to _____ in the theorem. b+ e

'3 is a factor of . S 6

Hence, 3 will be & factor of & + Lx if it is also

a factor of . , by
Therefore, 3 is a factor of 6 + bx if x is any
’multhlL of . multiple of 3

FARN



Ja-k

We find fagtoring to be useful in finding simpler names for some fractions.

8o %% _may be written as T%%%%glf where

81 | is a factor common to both 18 and 2L,

. 18 9(2) 9 .
82 |x=157=1

83 %% may also

[=2

a Wi‘lttEﬁ aEe Viz';gjﬁ . = g-

84 |3 is a common of both 18 and 24,

You have probably recognized that although 2 and 3
85 |are __ factors of 18 and 24, neither is the

greatect common Tactor.

8¢ | The __ common factor of 18 ,

-87 |and 24 1is .

Our experience from arithmetic enabled us to easily
88 | see that 6 4s the ) of 18

| and 2b, . —

Had we not recognized the greatest common factor from esrlier experience

3

we could have found it as follows.

89 .| Write the set of all factors of 18.

The sezgzisﬁéétcrs common to both 18 and 24 is the
intersection of (1,2,3,6,9,18) and (1,2,3,4,6,8,12,24},

{ ). (Recall

9§ { } is the set of all factors of 2k.

e
=

(1,2,3,6,9,18) N (1,2,3,4,6,8,12,24)

that M is the intersection symbol.)

92 | Iook at (1,2,3,6). It is the set of all
S0

factors of 18 and 2k,

e —— . — — S
. i

3 ] is the greatest common factor.

k36
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i

1]

(
% |

9k -
[} is the set of all factors of 60.

The intersection of the set of factors of 45 and
96 | the set of factors of 60 is {  J.

971 |{1,3,5,15) 4is the set of all common to L5 fggtgfg'
and 60. . o

98 15f_

Finéfthé greatest common factor of the following:

?9 32 and 56
00|19 and 15

101121 and TO

= o~ W

ot
Lol
(153

16, 24, and 36

-12-5., Summary

We considered factorization in the set of positive integers.
The pcsiiive iﬁ%egér m 1is a factor of the positive integer n if
mg = n, where g 1s a positive integer. If m does not equal 1 or ﬁg
we say that m is a ?;@gg; factor of n.
A prime number is a positive integer greater than 1 which has no proper
factors.
If n is a positiwe integer greater than 1, then either:
n 1is a prime number; or
n can be written az a product of primes (prime factorization).
The Fundamental Theorem of Arithmetic states that there is only one prime
factorization for a given positive integer. The order in which we write the

prime factors makes no difference.

O
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.+ A number is divisible

Tests for divisibility of a number:

by 2 if the last digit of the number is even.
by 3 if the sum of the digits is divisible by 3.
by 4 if the number represented by the last two digits is

£

by 5 4if the last digit is 0 or 5.

by 6 if’'the number iszﬁévisibig'by both 2 and 3.

by 8 if the number represented by the last three digite
is divisible by 8. ‘ .

by 9 if the sum of the digits is divisible by 9.

There is no easy test for divisibility by 7.

The following thecorems were proved:
For positive integers =a, b, and ¢, if a is a factor of both

-

b end c, then a 1is a factor of (b + c). -

For positive integers a, b, and ¢, if a is a factor of b,

and a is not a factor of (b + ¢), then a 1is not a factor of c.

For positive integers a, b, and ¢, if a is a factor of b,

and a 1is a factor of (b+ c), then a is a factor of c.

» The greatest common factor of two numbers is the greatest factor

‘ . common to both numbers.

438
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Chapter 13

FRACTIONS

13-1. Multiplication of Fractions

From previous work in ‘arithmetic, we are already

familiar with the

Prceess of miltiplying fractions when these are numbers of arithmetic. For

example, we know that:

In Chapter &, multiplication was derined for the
real numbers. By the definition, we have, for

example,

O 53 R R pu—

e fema «P-DH- L%

of nbnenelgatii;e numbers and possible taking of opposites. eEirtthmare s

3

‘examples such as g

]

real numbérs.

@eg@*éﬁ 13-1. For any real numbers 4, b, c, d,
a4 # 0, then '

2.,&8.8
b d bd

suggest & theorem which we can now prove for all

if b £0 and

To prove the theorem, notice first that 5 and

3 |are real numbers, since b £ 0 and _____.
AT

L

c
d

b

=
a0

5 = (ac)(=* - ) using both the commutative
' ~———=—— and associative properties
of multiplication.

IO
)
-
mw
o
Lo
——
4

since the product of the

of the product.

(a =) e+ %) by the definition of ______ .

reciprocals equals the __

= = by the _______ of division.

division

EEE

wig-p

defir_xit—iqn‘

Tec iprocal
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L]
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1
[0 \H
1]

.
] [
N m 0
1

|

|

|

L™

e

"t
L

1= gxi;‘_gg
12 |3 i7= _ :

to multiply the

' Notice that the second factor in Item 9 is

factor in Item 10 is L

number. I et, if & and b

n fa
L =8 a a
that T . " s = E

We can show that both of these name the same

== &and that the second

bers (b # 0), we can show

]
]
o

since (-x)y =

by the

’xy,i

of division. - 2, definjtto

ty the definiticn of _ _

divizion

ii‘ai%),

e b

Similarly we can show that % =

1

-bi

Try to construct the proof for

yourself and, compare your results with those on page 1.

Thus we see that Items 9 and 10 ask for the same product as Item 1.

'Of the three forms %?; f%;
simplest name for the number.

- %; ve shall agree that - = is the -

b

. 5 2
& number. For example, —,
=2

-2

?;

A common name is; in a8 sense, the simplest name for

3

the same number; the common name of this number is

all name

[ ]
bt

o)

e
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'in agreement with Theorem 13-1, '3 " b

Recall tﬁatﬁan previous ocecasions ve referred to some special namesnfér
numbers which we called “camm@ninsmgg“_ We noticed before, for example, '
2
3° 3.2 9 " 3:37°
it k£ 0, " %i This illusti@tes the general statement that if k # O,
ak : ; T
bk

= N 3 = Y f o : ‘
——fg .23 .., ; 811 name the same number, and that

whenever a and b are real numbers and b # O. This statement is

=g ]]

2.2 dfwelet cok and d=k.

If c=k and d = k,

o | Bk

1]
| oIw
o ko

10
-

18 |. = % + 1, since t = for any k # 0.

19

) p:@perfy of 1.

|
I
|
|
|
"

Making use_%g the fact that %% = %, we-éaﬁ_simglify fractions. For
example, since T %%f%; the fractions 57 cen be simplified to %g

' However, when we are asKed to simplify a givéﬂ expression, it is important

that wt understand exactly what is meant. "Simplify" means "find the common

name for". We recall three important ideas, or conventions, regarding common

names .’
1. A common name contains no indicated division if it cap be avoided.
For example, ;gé,shauli be "simplified" to 5. .

2. If a common name must contdin an indicated division, then the
resulting expression should be written in "lowest ‘terms". For

9

example, 8 should be changed to % if we want the ccomon name,
3. ' We prefer writing -

+t0 either of the forms %% or f%;

o'

-]

We have defined & "fraction" as a symbol which indicates the quotient of
two numbers. Thus, a fraction involves two numerals, a numerator and a
denominator. - When there is no possibility of. confusion, we shall use the
word "fraction" to refer also to the number which is represented by the
fraction. When there is a possibility of confusion, we must go back fa our
strict meanizng of fraction as a numeral.

.

-
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(K]
[

]
v

Y
[

(%]
=

29

We- shall o n-'inus=

“the variablq.

whizh make ~:r
Ir y=

a number sin

In ;ﬁ%ﬁg, vhe domain of y is the set of all real

numbers exgept

it a fra~tian exzlude those values

2qual to O.

3 1 : ;
which means x(;), is not

__has no reziproeal.

Find the common name for

Ix + 7 _

7 ——

1
i
|

simplified.

each of the following:

f

ﬂen@nigétgi

2 [Notice that’
0 is*in the
domain, ] i

distributive

bk

o

We notice Fhat when there is a common factor. k in the numerator and

the denominator, then

have no common factor other than 1, then the fraction T

pame for theanumber;

O
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ie a simpler name for

" Lo

el

Further, if a2 and b
iz the

Simplest 



éi%—b—a;é b 4o, cfo

by associative and © commitative
properties of multiplication. Lo o

[
R
!
"
I

Tt
Iy
1
oo
!
i
[}
2y

'
=
X
1]
[]
[ i o
i

i
o
T
=~
It
.
It

ok
|
K] ot
e
It
W
e
Hongi e, =1
| e
(]
ot
=

",
pllat

For Item 4O, notice that the fractien 777: f%’ can be revwritten as

which in turn gan be written as %}Q

LL3

<y
¢




. 13-1

by

L2

stmplify: : .
By - 2

1]
ot -l

By displaying the numbers in the numerator-and -

denominator in factored forms, it is edsier to see

vhether the frattion we will get is in "lowest terms".

=

= -j:QH 1

=restrihtians on the dDmalns of the variablesi

Indicate the

Trie answers are

Slmpllfy ea“h Qf the fDllDwing whgre Passible.

on pagé ii.

g, 26
- 3 + 2
L,:('g f. —
43, B*3 ., n+2 .

3

Did you get the correct response far Item 5417 Recall that
-(a=5)==-a+5=5=a. Let's try a few more examples invalving this
situation. o
. Simplify: o l
. f2x - b 2Ax - 2) _ .
55 SEBX_D(S{*E*E)“ ' ;X,‘ég
' 2

6 |55 - , o s -

o
= |(-5x - 5)(2 - Exl _
o1 10x + 10 - _ » x f
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In certain applications of mathematics, the number represented by the

fraetion % is called the ratio of a to b. We shall sometimes speak of

the ratlg'whén we mean the symbol which indicates the quotient, provided

there is no confusion in the meaning.

58

ff@

60

N
65

66

67
\ 68
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v
'[The profits from a student assembly are to be given

.

.may be read "the ratio o

If the ratio of sc:‘lomores to freshmen is %; then

there are _ Sophomores to every 7T freshmen.

_ s _ ;! <
If the ratio of girls to boys is ﬁ; then there are 3

to every 4 - .

|

In a cértéihicéllégerﬁhe ratio of facult& to students
s 15

For-.every faculty members there are

how many

_ : _ students?
how many

If thére are "f" faculty members and 1197 students
then the ratioc of faculty to students is 7;;52 .

, we know that

Jro

Since the faculty-student ratioc i3

“g 1 1t "
fi and >£:

[}

both name the same number.

"l

Hence,

T

There are 126 faculty members.

ratio of %
larger amount, vwhich is

$387.

[t h'is the amount the honor socilety will receive,

then an gpen sentence for the problem is

o S ,EETTAf 3 ey

The hanor soclety will receive § .

L5

19

f =

13




13-2

13-2. Division of Fractions

For simplifying an indicated product of two or more fractions; a key
property was the theorem which may be stated:
For any real numbers &, b, ¢, d, if b # 0 and a f# 0,
then
a .¢c_8ac
b 4 bd -’
#
In this section we shall see that an indicated quotient of two or more

fractions may also be simplified into a phrase which will contain at most

2
=

one indicated quotient.

-,
an"
1 This is an indicated ~ of two fractions.
_—

To illustrate, let us consider

It is also a fraction whose numerator is %ﬁ and

2 whose dencominator is _ .

The least common multiple of the denominators 2 and
3 3 is .

8k 4r b 40 and k£ 0,

Since * bk

o
i
|

=
‘M+4Wumﬂ
1]

—Ip
0ja

]
e
v}
<
i
ILM g =1
I
Yond b0
ina
H
i
i
!
o
o
st i
i
[ \I._J
i
P

L6

O
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Item 7 suggests that an indicated quotient of two fractions may be
expressed quite readily as an indicated product of two fractions. Moreover,
the above procedure suggests & method for proving

Theorem 13-2. For any real numbers &; b, ¢, and d, if

b#0, c#0, and 4 £ 0, then

To prove this theorem, we note that if k # O,

W
=
=

ia
10 = 2
4

| O
il
o

If k¥ is bd, we have
a
_b

- bd ad(%)

“ bd cb(%)

m
I

o
L]
L L=

11

L}
\1u‘mm‘

Notice that in the step before Item 11 we have the theorem in the

andy form & . & _ 8d
handy form Y3 ° b

W7
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1:2 : -3
: 5
14
- da, a,é o]
Li
. a == a - T ,
O R s o e fb

L
U\
I3
b
=}
I
s
[
]
e
1]
o
5
g
[
T,

[
I

Lyvpressing an indicated guoticent of twe Uractlions as an indicated

rroduet o1’ two rractions

£

a5 very dseiul to us bLecause we huve alrewdy
; &

learned how to find the product of two tracitions. Keea!l that we did some-

thirnes ot this nature betfore in our derinition of division of

numbers.

Wiy ]

448
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24

]
Lo

means a multiplied by the

r wa)
. a =
indicated quotiont o %i

. that the

The roecipracal oy

way of

For real numbers a and b, (b # 0),

the

statement or

Aﬁnéfhar ﬁethédi

two Iractions makes use o the reciprocal and the

or a

Uil nbdnier

=3 7}—Q
I e

reciprocal

”
W
L

s

£3 5 L
o

et

B

2]
e

L=

o

lii

o

X,

-

s o
i

Ir™
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Simpliiy each of the following using the method

shown in Items 28 and 29.
= 8
N -5

;t =

2 _

sl . 2 73{?[ . :;:5 X i[ 5
il U S - 7{77 s U 7‘1,,

v
S
iz

e
Mo,
o]
o
™
.

B The eise w;i{ provide yéu with ;ﬁfgﬁéf practice in
simplizying products or gquotients ol fractions. OState the
restridtions on the domainz or the variables whenever it is
necessary . [he answers arc on page ii.

A7
- 15(a ¢ )
s ,)L,a(_ L }y

(O
t

50
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frac

L]

W

9

Addition

in

We have

ticn.

o,

0

one, guétient

aritl

Trom

5
e}
"
0
E
=

1 chow
these

i
L
e
<
o
4]

Je

Pul

7
~c

= ’ by the

W
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In 2 simllar manner, we may show that for real

numbers 8, b, ¢, with ¢ # 0,

+ g S mm——
[+] c

10

[FR

a
_c

i

+ % = = gagrees with the method ve use to add tvo

o

The statement =
fractions in arithmetic when the dencminators are alike. You will recall

that when the denominators are different, we Iirst rewrite each fraction so

that the denominators are alike.

- —
For example, to simplify % + %, we note that

] i 31 2L . a _ ak
HOETETE TS ST b Tk

|2
[
]
e
]
3
m

o
i

if b#0 and k £ 0.

L% W

I
—
1
|}

L ca e 2 1: B
12 1Similsarly, 7= T 5%

=
st
[o]
v}
T
+
~Jjm
i}
i
)
|
0
n

We notice that each fraction is rewritten as a fraction

whose denominator is 35, and that 35 is the

1k | least _ of 5 and 7. - common multipli

For examplés such as % +

i [iv]

it is easy to find a denominator in terms
of which we can express each of the fractions. In this usage; we refer to

the number 35 as.the least common denominator of % and In Chapter &4,

LW

we also referred to such & number a; the least common multiple of the
denominators; that is, 35 is the least common multiple of 5 and 7.
Since 35 = 5*7, . ve can see that 35 1z a multiple of 5, and 35 is a
multiple of 7. Moreover; it is the smallest positive number that is a
multiple both of 5 and of 7.

Definition. The lgast,gammaé multiple of two or more given integers

is the smallest positive intsger which is divisible by all of
the given integers.
It is not hard to find the least common multiple of certain integers.

For example, with very little experimenting, we can quickly find that 20

5 L

k52
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s E2E .east the factors . Boand L

2z zt the factors y , and . 2y 5, L7
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=

W can find

integers in

n
mmon multiple of 5, &, and 70, wo

To tind the least ¢

™)

can first get the prime factorization of =ach.

=
L%y
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rraction = can be written
5
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-
=

o, 3 W, 3
_a ' '

can be rewritten as

=
]

L N
+

=k

}[]l

Zince the fractions in this last phrase have the

L:  Jsame ; we can make use of the denominatar

Lk 8 .
[

g
‘ W,

=

2,313 L7
_Ix Tx  Ix _ Tx

b

45 |From this,

We see that the same technique we used when the denominators are
integers can te used when the denominators invelve variables. (Of course
ve must be careful of the restrictions on the domain of the variables.)
We rewrite the fractions with a common denominator; the denominators of

the original fractions are factors of the common denominator.

For example, if the denominators are x and 7x, a

46 ° | common denominator is because x is a Tx

L7 factor of 7x, and Tx 1s also a factor of . Tx
Lk : 5
To simplify - + ;3% - ; Wwe note that the
3ab  2a” 12

denominators are 3ab, Eagj and 12,

These can be written as products: R
148 3-ab, 2:a:a, and Lo, g#g;g -

The common denominator must have at least 3 as

Lo & factor once, 2 as a factor __ _ ; & as a : twice -

50 | factor , and ____ as a factor once. twice; b

51 A common denominater is 2-°273°

52 i‘g—_ + % - =j_ = aﬁ'i&k) + 5:‘;2 A ' SEE EI!.SWEI‘ E&léﬂ';
3ab 22 12 _3ap(ka) [0 [ -

E*Ema-akagh

_ bo(ha) , sh(6) | 5(ab)
3ablla)  2a2(6b)  12(a®d)

i . Lésc + 30b% - 5%

. a 0 T ) 7 77 }
L = = . 4
) . ,D:' 5%77;13?{
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10, 2 10(2x - 1) 18 )
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y

) {5 -7 ”
T+2 T EX-l1 FT+te T moTC- 2 X £ — x £

5 7 ] 1
RTT R e e xf 2 xf3

We can use the ideas of this section to find the truth

sets of the following. (Solution of other open

sentences invelving fractions will be disczu ussed in

further detail in Section 13-2.)

simplify the expression

o]

we may

—_—=5

Since =% = == we have x =5,
Slnce T3 = 15%, we have [Tx =5

ir—a

Pt f =

Let us puitiply by the reciprocal of on

side(s) of t

o
5]

= equation.

(the left,the right,both)

456

x
RN

%g; a#o

Ex+2§ Iiééj

" Sty *# -2

-]
¥
¥
P
. L™ s 1 ; R
My T
P

mlE

e
MJ:H .
[l
h T

both
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If ig: =5 18 true for some x, then

. %%ifz [0:5 18 true for the same x.

ol

60

is i .

and the truth set of

Notice that we could have solved this 1n another

way. Since _1s the least common multiple of

3 and k4, we can first muliiply both sides by 12.

2xX . X _
TR0

s S
;LE(?* =125

]
(]

Solution set:
3 = gy Solution set:

Solution set:

Find the solution set of

31wl + 8 = v
2

-3+ x

7

[}
E
M,
=

If you missed either of these see the complete solution

on page 1ii.

13-3
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81,

Sclve each of the following by first vriting the appropriate épen
sentence and then finding its truth set. In many ceccs the open

sentences you write will invoive fractions. When you have solved

&ll of these problems check your work with that shown on page iii.

3
5

The zum of two numbers is 240, and one number is times the

other. What are the two numbers?

The numerator of the fraction 7

visiie o6 the resulting fraction iz

nunerator increased?

z as cld as his father., In 12 years he will be % as
=

o
]

Joe 1

(7]

[T

o0ld as his father then is. How old is Joe? How old is his father?

The sum of two positive integers is T, and their difference iz 3.
What are the integers? What number is the result if the reciprocal
of the =maller is decreased by the reciprocal of the larger?

In a shipment of 800 radios, g% of the radios were defective.
What is the ratio of defective to non-defective radics iu the

shipment?

82

If it takes Joe 7 days to paint his house, what part
of the job will he do in one day? What part in d

days? oo %?”
It it takes Bob 8 days to paint Joe's house, what '
part of the job would he do in one day? What part in
d days? ’ » %

If Bob and Joe work together, what portion of the job

+

would they do in cne day?

+

What porticn in d days?

86.
87.

The following items refer to the questions asked in Items 82-85.
The answers are discussed on page iv.
a

. The open sentence suggested by the problem is % * g = 1

Solve the equation % + % = 1. What does d represent?

What portion of the painting will Joe and Bob, working together, -

do in one day?
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The following exercises will provide you with

further practice in simplifying quotients and sums of

fractions. 3State the domains of the variables whenever

it iz nccessary. i

1 ja]

+ = f;i +
3

53 | — CO -
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L=k Summary and Review

Theorem 13-1: For any real numbers a, b, ¢, d, if b £ 0
and d # 0, then N

5
Theorem 13-2: For any real numbers a, b, c, d, if b £)o, -
- c£0, and d # 0, then
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13-4 .
For any real numbers a, b, ¢, if c # 0, then
n £+0.82D
¢ ¢ ¢
For any real numbers a, b, ¢, 4, if b jé 0 and d # 0, then
8,c.8d bc_ad+be
o P d bd bd b
For any real numbers a, b, if b £ 0,
' a_&a _ &
b b Db
The least common multiple of two or more given integers is the smallest
possible integer which is divisible by all of the given integers.
When we find the common name of (simplify) an expression, we try to
keep to the following conventions: ) _
1. A common name contains no indicated division if it can be
 avoided.
2, If a common name must contain an indicated division, then the
resulting expression should be written in "lowest terms".
3. We prefer writing - % to elther of the forms %E or —.
Review
The answers to the following review problems are on page iv. -
1. Simpliﬁ each of the following expressions; be sure to state the
domain of the variable whenever necessary.
141 - N
(E) E 3 + _é (f) %;’;
. - 12
(b) 2L.12 = _ 1.
B 2 (o) 3 - 8
_ S g —
2 _Jm 1 i .3
(c) $5-18-3 38 -3
(d) af*é—J-Ffﬁ gj*iz . ‘Z
M35 7 e ) Zm—5 o3
Y Sm l,g_
(e) f3+7 (1) 7 .5
‘\ B 2(x = 2) 32 + 5)
7 2. Find the truth set of 3 + iz = 12 + e
[Hint: if x is a number that makes the above sentence true, then
o i o XL _ a5 L.
x 18 a number that makes T Rx = 12 - 13 true.]
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Kevin has five hours at his disposal.
bicycle into the surroundlng hills at the rate of 12 miles per
hour and return by retracing his route at the rate of 8 miles

}

per hour?

How far can he ride his

/
)
.
I
i
LR
! e

‘/l

13-4



Chapter 1k

- Ei E,7 D’ I iH’ ‘715

14-1, Introduction to Exponents

For the prime- factorization of the positive integer 288 we have written
288 = (2)(2)(2)(2)(2)(3)(3).
This notation is inconvenient and clumsy because it is so lengthy. We
could avold this form if there were a more compact way to express the product
of a number of repeated factors,

You alresdy know thet (3)(3) mey be written as 3°.
Bimilarly, '

1 (2)(2) = gtj

7e1- O
(13,849)(13,849)
n. () )

oW ow

S
i
Ju]
m

[y

b

b
[]

7 | "17 squared” means Q¢ ).
In the numeral 52, the "2" indicates that we are

8 using the number 5 ~ times as a factor,

If the length of the side of a square 1z s units,
then the area of the square, iln square units, is EE,
9 | vhich is read, "s____".

If the length of the edge of a cube is e units, then
10| the volume of the cube, in cubic’units, is (e )C);
or "e cubed". v

An sppropriste symbol for (e)(el(e) 1is 23, the "3"
11| indicating that e 1s used as a factor

463
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12 |53- (5)()().

("]

13 | 27 = .
o [ amm - 8.

© 15 | (20)(20)(20) = 33

It 15 natural to extend the idea used in writing 2°, 23, to such
products as 2 « 2 .- 2 - 2+ 2, In this expression, 2 1is used as a factor
five times. We agree to write

2e2+20202a2,

16 gg’;fgjjg, .,

17 27 means the product formed by using 2

times as a factor.

Find the common name:
23 _
L

i
pee]

18 | 2

9|2
20 | 3% -

ny
o

i
1]

Yy
Ty

~J
[}

727878 2-2-2-2-2-3a3
2 - 2iH

The prime factorization of 1000 is 2+2s:2. 5¢ 5.5,

25 | Using the more compact notation, 1000 z*(E:B)(fil-
Find the prime factorization of each of the following,
using exponents whenever appropriate,
26 | 64 = 2

, 2t
27 | 60 = (25)(3)(3)

kel




1h-1

30 | 11

31 | 243 =
32 | k32 =
33 |768=__

B -

In general, if a 1s to be used n times as a factor, we shall write %",

“Thus, , ) ,
5}1 = (3)(5)‘5)}.;(&)

i
n factors

We need some language to use in describing the numbers invelved in the
expression a'. The "a", vhich indicates the rumber to be used as a factor,
is called the base. The "n", which indicates how many times t?e factor is to
ibé used, is called the exponert. We sometimes refer to a" as "a to the

n°p pover", or simply as "a to the B, v

36 | In the expression 75, the base is
37 | and the exponent iz .,

38 | we read 76 as “, to _the "

39 | In the expression ym§ y isthe ___  and
40 | m is the .

41 | y" indicates that should be used as a

42 | factor __ times.

b | €27 - (0
Ll = |
s |t e )

wl o=

W7 (@32 =)

48 : =

pes s,




"Find & common neme for each of the following:
49 | (5)3 < _
so | &) -
51| (-3)* = _
52 | (-2)3 < )
7 .
5 %) -

We have not yet mentioned &1. We shall define &' = a, Since a is a
simpler numersl than a;g we-shall usually write & in pleace of & .

Examine the next items carefully. Can you find a general pattern?

2B .22 (2.2.2)(2- 2)
22420202
58 ?ED :

b,s2 «3+3.3)( + )

59 [ 37 ¢ 37 = (3
O

lib
L

60 -~

61 E.E . %EE aD

[}

- - e - — -

a" is the product formed by using a as a factor m times, o &

=

is the product formed by using a as a factor n times. In the product

I n fe rems S e 4w o
a" . @ ; 8 1is used as s factor m+ n times in all.

1466
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62
63
6l
65

66
67
68
69
70
71

73

Th
(=

76

78
79

m+n fs.ctars .

P E,)(a_)(E_)...(a)(a)(a)(ea)---(a)

P =
m factors and =n " factors

Write simpler nemes for the following:

n 3

6

Example: (9;2)(33ch) = 27x

(3)(x) =

(367 (3% = (3x2)(3x)(_)
(3)(3)(3) (x°) (x)(x)
e T

i}
B

. [remember x =

(2x)(ex?) = __
(Ex)(ggxg) = 2 :;z =

(1662)(320°) = 2Ha T
(PN () =

3. 3.

[Hint: 2a + a = 3a]

B [Leave in exponent term]
3 e 20 Carefull- _.

E 2
PusPusucPugdis?

(38%0°)(3%ab°) =

3)(5.5%) = 2

. (303%) (2 a)(h3-b )
- HHHD

- (22.2%) (383

(3x3) (237 (xy) = (302)(xexSex)(___ )
- 6xy O

(5¢ di\(kc?’x d) = ED@@Q}E;

(han')(adn) =

Cljlj

467

}
-1
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At a glance % and (a;)g look alike and often cause difficulty
unless we distinguish carefully between the two. S

80 |.x2 - =(x)(_ ), also

81 | (-1)(x)(x) = :ﬁDS
82 | -(x)(x)

]

83 | (-x%=( ) )
(-1)(-1) (x)(x)

84 |
8 [ (-2)(x)(x) =
86 | (-2x)° -
87

88 | (-3a)2

T'u

[

=

w

g
')

il

89
96 ELLE.S =

Frequently we wish to rewrite certain expressions using the distributive
property:
2x2(23%° + 2x) = ExE(ESxE) + (Exg)(éx)

bt 4 223

:Lé?:tilg'F + bx3

For each of the fallawiﬁg write another name which

does pnot contain parentheses,
91 [y +2) = .

92 | xP(2x® + %) = _

93 | 2x3(2x® - ux3d) -

9L | -3a (3253 - 333)

7725: = -
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*96 ;I we restrict a ta the set of Pcsit:ura 1ntegérs, ‘*I:'hen an defines
a blnary operation in this set. 1Is the operation commutative? That is,
does a” equal ng ?

[A] yes [B] ne
A smgla ezsm;le shm:_ tha.t the qgerstisn :Ls mt cn:nmut
8 Wit 3 = 9, T s‘ the earreet cholce is T,B’j.
" #97 | Again referring to the set of positive integers, does a" define an
p my™ T (™ :
associative operation in the sense that (a’) and a name the
same number?
[A] yes [B] no
, i '"tems *685.*75. In *thgse 1‘5@5 we
asked these seme ques‘&-ians, using different notation,

1k-2, Positive Integer.; as Ecpanen‘ts
let us examine the fraction % , where a £ O, Can
we find a simpl#r name?. &

a‘% ESR:-11 -0 -1 -17-% -

1 | similexly, a3 = : : Begsh
:g_‘i _ AsBifeH+E
e B*asa

5 . - (a-aaa (-

- R4 7

3 = ( )(ea
Hence, 5

LL £ =‘ ; ‘;"\2 =
_ _ e ,,,;7::'7 — . e

r_: £ . . .
. 7.5y JH
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Find & simpler neme' for. each of the following, where
none of the variables has the value O,

xE

ol |

P Temmemem —_—
M

L

7T | &=__ ° Remember y = y* :

‘In each of the abeve items, the exponent in the
8 numerstor is : than the exponent in the

greater,less)

denominator. (

In the example, EE = x3 s the exponents are 5, 2
and 3. x

. w2 5 .

9 =m , the exponents are 7, 5 and .
o -
N |

10| In &= = y3 ;5 the exponents are - and 3.

Iid you observe a-basic pattern which could be used in each of these

exanples without tediously writing each factor?

12 » n;'fj‘D = m® vhire m # 0.

.13 = yZ’E = vhere y # O,
It appears that for any real number a, |different
from O, and for any positive integers m and n
with m greater than n.
m
.1h L.
n

)

|

470
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17

18

equal te the exponent in the denominator.

The proof follows,

al =

= ?’;;n* - (Hint:

mzn \t Waa -

[
-y
@
o]
o
=
I
o
L]
ot
g
m
pa
pud
oL
0
Y L
1
-

-1

s and are all names for _

“ <

%

Z s
if the variable:z are all different from O,

12

In the previous items the exponent in the numerater was greater than or

inator iz the greater?

mn
O‘

22

b

1
w——
i o
"
i
»
]

[}

where b;é 0.

¢
1k

xl)

— (x

o]
(%]
%
s
-
]

]
=
) —
-
|-

e iy & R o

What if the exponent in the denom-




k.2

[N
lw\
i
i

=__ vhere m# 0.

2k

c # 0.

1
. 2
it appears t[at o

= -,.E’:;TE—‘ = _ where

When n>m and af O

§N]
i,

where n »m, a # C.

When' you finich, compare your proof with the following.

i:; = L (h = m+ (.ﬂam))

O

ERIC
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To cummarize what we have shown aocout

+

It af0, it m

(a) m>mn, then

[
-

8

W72

are positive integers, and if

(Fxample:

(Example:

(Example:

)
%A

.

i

L

‘l‘ Orw il
"

-
i



)

In each of the following write a simpler name for the
fraction. '

e . ,
21| 3=_____, (x40
]| X

o | 2e3
o8 |22 , (a#0)

] o
] w\\r}a WH

= f, (v#0

8
S

%’.‘l
LY

‘Eﬁs (&,7!0)

W
°
‘\
s
|

"

[[]

32 -

33 = _
EE —

3 | === ) i(x Té 0)

5implify each of the following, applying the properties|’
of exponents which you have learned. Assume that no _ :
‘| variable has the value O, & "

)
WM
ke
o
4]
|*
[

o

e

B |55="57"

o
o
]
=

foa

o

36 [ 2« 350

L
ey
; R
o ‘
1]
|
i

At

had
o]
fil

e

¥
o]
[,
oy
|
! fo
n
"
o
[
pv ]
"
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— —
Can the fraction %,(y o) o
. ¥r
o L1 | Note that ‘§ rmean:
yv
42 | The powerz x~ an S twve B
43
L
5
L&
W7
43
In the last itom we
the greatest commor. Zavi-r
have writte::
hg l;zxj%r G B
lhxy= They” T

‘E:fm

O
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.23
368 &7

a7t

When possible take sﬁ%énfagé of greatest common factors

in maltiplying the following

g: (assume no variable 0)

(5)(9)a%3 g
(3)(2)e’b 2ad
81

PN

BX

16

113t

Ji

Decide whether each zentenc

that lists a1l the true zen

¥

M.

m‘wu
[
“‘W”

[a
B

[Ad

DI!

[0

P

¢4 F Y
]
-

ey
M

[A]
[B]

0, and P
P, and §q

M§

e iz true or false, Then choose the response
tences,

43,33
Po (27 =1

33

12

,ud‘m‘
[

[

[

[C] N, 0, and §
[D] 0, P, and Q

Bince M and N are

correct choice,

If you did not see why [D]
your work with the following:

)

Mi

[}

=

F

C.

LS R

the only false sentences, [D] is the

was the correect choice for Item 55, compare
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We have been very careful to say: Assume that no

which variable cannot be zero?

3

(a,d)

a number,

tle has the value zero, Do yuu ¥now the reason?

[,
B
4
h
i
P

b
&4
o]
+
oy
o
o
pacn
o

ot
e
o)
g -
]
1M
P
P
B,
=
]

@‘
AT
g
bas

ey
1
[
ot
2

mmlma
i
.
[l

- aa o b n
20 far we have defined powers of the form &, where
T

is a positive

We have zeen:

2 i m = n, - =
n
,ai —_ — =

above can be replaced by a single statementi

know that for every non-zero &

_T-b

= g

=
‘m"-.,ﬂlllj‘ —~l J;ﬁ‘!:,lm I “g“:

L76




W anm lied

m-r

=
[

[
(%]
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-3
7

Since 2 = =% 1s certainly true, and since 5§ =a ,

a a
m

i
|

s

= a

G L L

Ezf =

If a0, and if n 1is a positive integer,

.l
I

G
-

Now the symbols ac, E'E, a ', are meaningful, Moreover, in our

examples the use of the property

"m > n" gives results which are consistent with our

'

17

)

[T

18 |[Also, =

"
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According to the definitions of a° and a ",
160 -

=L

e

— 7'D = =

(3x) —

X7 = _

For non-zero a; we have defined:

n is a positive integer,

®
"

e
-

1k-3

Our definitlons were suggested by our wish to have it true that, for all

positive integers m and n,

26

3R

Based on the definitions for ao and & " we now
prove:
if a#0 andif m and n ar. any positive
integers, then

‘Wuima
[i

First, suppose m > n.
Then we have already shown, in Section 1k-2, that

M=TI1
= A -

PPy

Second, suppose m = n.
Then since for any real number x, except O,

‘H‘ ‘! \H

= 1, we have

(1
1| o

- Pyl
[}

But o

=

IW
D rnn !l‘ :I'tl‘H

s from the definition of 50_
o &7




Thuz, if m = n,

(n-m) by our definition
=% " -
3

S

|
1]
o

(]
[

hold:

f'act, we shall see shortly that it holds Tor all integers,

f m and n are any positive integers and a £ O. A= a matter of

[

Al
fy
L
o
4
L
¥
(¥,
[]
W‘t [

i

W

R
=

[ m"

lo |

o
1]
]
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35

37

38

38

Lo

sl

Lo

L3
N

In simplifying, you often need to remember that

Write each of the following in simplest form usirg

non-negstive exponents.

10 - 16° _ 104

E—‘ = 8 =

)

=
Lo fed
T
= =
1%
11 G
]

I

T m
u

i

I
U_TJ\

i
i

You should see that it is easy to go dircctly to the
final step.
24 | |
4.9 « ¥

_4-2 . }éﬂg

£
- 481 -

mhn

I—.M
Lo
1

st

1k=3

Y
- 10




14-3

We have =zaid: If n ic

What ifT

still true that a " = 1

You might wonder:

[
I
5
[ N
-
ol
il
g
H
=
o
s
[
fan
e
[y

Let us cee, e

LT

Suppose 1
example,
If ,E.= n =

iz negative.

1

n
a

be true that

ch

iz
it must

o
ie that &” =
° a

50

is

X

= - and since

=

true for negative values of

the reciprocal of the reciprocal of
x vwhere

which is what we expected, ’

an

then
__ X 3

aaé

n,

oL

l;; that is,
o 3
a4

W

Yes. ILet us see why.

I

muw%“

x £ 0,
23 - (-3

we may write
(3 L

a3

Items 49-51 suggest the generalization:

and &

n
a

=
—
L 2

oy

O
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ave reciprocals, it alsc follows that,

If n is any integer and a # (

=1 1 .
a = — N &
n
a

for any integer

1 !7 P -
;F-Q (E.%D)-
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1he3
63 |And, moreover, R ;Ej.

ﬁus! E'EB . E.-é = E—,B_é-

By now it should seem likely to you that if m and n

for all integers m and n.

If you would like to prove thiz statement complete Item *65.

* We alréédy know that if m and n are positive
integers, then

o, n m+n
=1 a =8 =

To show that the statement holds for all integers m

and n; we would need to consider several cases:
One of the numbers m and n positive and the
other negative,
Both m and n negative,

One or both zero.

Iet?'s do the case where m 1s positive and n 1is
negative.

%65 |[Then &™ « a™ = a™ » <= (-n is )

i
ﬂ g

ami(gn) (since =-n is positive)

it

*66 = o

The other cases are just as easy.

One final gquestion you might ask: Is it alsoc true that

for gll integers m and n ? By now you have had enough experience in-this
section with this kind of guestion that you can guess the answver. = 1s “yes".

”

G2 18l
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70

.71

ih.
it [ n 5}
X e :;j =X ¥
m 1 rrkn 1
- < 4 X
RIS ﬁ @ 108 B elileseterd =L 1
ot
wa pee that
s 10
which X

2

Woere we 1o tuce the time te prove
a Ti=1t :
- — - a7 for all integers, a # 0,
a2
oof,
<pt nents we can use the rollowing
generaliz-tlons 1 1 integers m and n: If a /o,
i 1 m+n
8 * a =g
_M=11
= &
=1 1
a = =
n
a
¢}
a = 1
Ofte:. you will see more than one way of proceeding, but your result will
be the sarme whatever your choice.
Recall, too, that (&)} E,D . ae
ecall, too, tha (b)(d) Ejiz; . Bbd
. - 101 1 1
In particular, = + = = = ,  —
P T x oy _[d Xy
In many probl ems, alternate approaches to simplifying exp:-
sometimes one approach may lead to less wark than another,

possible, and

Recognizing the alternatives comes with practice and experience,

we shall try to show more than a gingle approach,

LR

O
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Simplify end write with positive exponents, assuming
no variable to have a vaiue of 0., (Note that mere
than one approach is shown for simplifying each of the

following three exprezsions.)

—1
e
t
,
-
i
1
e
il
"o
L

—]
T

=
[
i
|-
i
i
A
il
ERE
0
i
FolRon

=
g
=]

In the last items you may have seen that it was not

necessary to write down all the steps shown. In fact,

ould have written \

-~
T,

—J
i

2 -3 . ,
Let us zimplify —E—%—ﬁ (x£0, ¥ ;\D.)

e =
x,,
xYy

2

¢

A possivie way of doing this is: \\\

]

ol
"
]
I
a
-
¥
r)
n
—
L]
o
oy
"<=."‘I |
=
g
-y
l“‘r
N u\:lq\lj e

8¢ I S ' 1.1
_D o 0. - ;Eyl

G 86
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Lw u]
Aok
[}
Jit
[»]

5implify each of the following to a form with only

positive exponents, If ycu have difficulty with any
of them, look at the corresponding item among :
Items 92 to 99, where you will find help.

0" x 1072 :

& | ~ 1
10° b

_'x 85 ,,—,——,ﬁ,

F 86 |.007 x 104 X 1@”Lk

8? —_—
I

89 :é;gé_;_;

_4490 S —

IR v -
.4

o2

For Ttem 85. ‘ e

3w A2 i 7
93 i%gléulcg.mg;

10

O
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For Ite= 36,

L

0.007 X 10" % 1

For Item 37.

For: Ttem 90,

0

0

200

3 =L .
X 1077 x 10
2 =13

107 x 10 -

10° X 107 X 20"

2 L
10° < 10

2100

)

488
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Zhel, Usirng ETonents

==

Elmilertiy,

(z;;l)-‘ - {=su) (et ) (ar)

2 = (azei( )

I (ey)* = xD3 5

-1

Lk

.
_ _ 1
In pencral, (=) =

v
=

r

(a7)

[
2

i
—
|
o
e

TEIED

s o3 3 . oo,
1 (a=?)” = (47

-]

IL ]

il

jod

e
m

o
=

emerging.

Using the definition of exponents, we van write:
L

By this time you chould berin to nee au general pattern

L8g = .

Xex{eX

(nma) (t1b)

]
¥ £

5%, moa, a5
("7 (51;3}(5. i
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bt
=1

I
LA
=
o

.
a4

[

M
[

[
LN

T

hoa

s L5
o | (e?)
gl
o (x)

1]

490

(S
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L] " 1 Ly -
i i s =

iC] all excent &

T! S = ,,’ﬁ—jizgf

O
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c real number grd

the correct choice 1o [A].

ing, Your recponzes on

exponents winly, IL you have dirficulty

any item, or i you et an incorrect answ

the corresperding item among Iteme 43 1o 59

o
T
\

‘

Lo —7——= s
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2)*; or 16

W, N
[
.
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R ToN
3 _ 1

,
[y
I
|
|
1
[
Wi

o
i

z

T
Tl
1]

L]
10,
I
.

-

L 5132 .16a°
_ 16:9.23%°

[N

L 1

- 2
16+9+5a b

W
=
|

For Item L&,

63ca) fuoxd”

=== "5
20a°x/ \ 7c 7+20e7a%x

o
Ll

-1
L

|

Lo

| T
I

| @UI

b

]

58
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(-2 (1 () (3)(E) (5)ac
() (3) (8) (22)(x)

"1

th
")

~ *he last chapter we applied our knowledge stout factoring integers to

]

ani subtracting fractions. We can use the

ideaz developed there in

with fractions in which exponents appear.

éxL ) ' Je2aXvKeXeX

21 |z appears as a factor no more than time(s) two

Thow meny)

in any denominator.
3 appears as a factor no more than once in any
denominator,
X, however, appears as a factor three times in hxj,
3
=

- 62 |two times in 3x and ~ times in 6x ,

- 63 Hence, the least common denomlnator 1is 37*,2ijcj . 3 ngk
. . ' -]
2 1 53x 2 bhx” 1
= 3 — = é ,72 + 71,
Ly« 3% 3x° ¢ bx” X

2

!Eﬁ‘i‘—"
bx3 3" E;E

I‘n

I ]
15% - 8x° + 2

carefully on your own paper. You should obtain as a
result:

2

If you were not- correct, complete Items 65 to Tl.

se items, and go on to Item T2.

hg?l()gn

O
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Tl
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Write each

b
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EOUES = . T2 sy Tl nre -
Lo - T..< 1w TYrIU_Ev aos Pl .

- N P -
e —_= = - - =
3
= Fa 7 P
N _— = = == =3 — - _— . =

. ZT o o003 The varlnl o The 187 ol prive woTlhers, find the
=
T T 2l thne

(v 12 «a2e = 12 = 5 (4) ix - 10 =z

o
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11.

Write the indiceted products as indicsted sums.

(=) Eg(a +1) (2) (ag + bg)(a + b)

(1) ol + ¥ (£) TGP+ )

et
'l

(e) (2x + 1)3x° (g} (a = v)(s

(&} (-mn){m - n)

rteger, wnich of the following are even numbers,

odd, and which may be either?

(v) nd (g) binm
{c) on () 2n-1

. -10 10
y 220

(i

—
=
~—
1
poc]
I
[

(e) (2n)° (5) 22945

Which of the following are non-negative for any real number n ?

I

(a) n~ (g) n*
() (-n)3 (h) (-n
() (-n)(~w) (1) -n
(@) -n° » (3) -|n
(») (-n)* (k) |-n]
(£)  (n)(n°)

=
“

Two squares differ in area by 27 square units, A side of the larger
is one unit longe1r than a side of the smaller, " Write and solve an

equation to find the leigth of the szide of the smaller square.

For 27 days Bill has been saving nickels and dimes for summer carp
expenses, He finds he has 41 coins, the value of which is $3;35;

If he has maré dimes than nickels, how many nickels does he have?

A 100 gallon container is tested end found to contain 15% salt. How
mich of the 100 gallons shbuld be withdrawn and replaced; by pure water
to make a 10% solution?

o
108




14-5

13. A jet travels 10 times as fast as a passenger train. In one hour the

jet will travel 120 miles further than the Pésséﬂgéf train will go in
What is the rate of the jet? the train? '

e o

T.. Twe trainc 320 wmiles apart travel towards each other. One 1s traveling
= au fast as the other, What is the rate of each if they meet in 3

enrs oand 12 minutes?

. Marie's candy store made & 40 1b. mixture of creams selling at $1.00 per

.. and nut centers selling at $1.40 per pound. If the mixture is to
27" mt $1.1C per pound, how many pounds of each kind of candy should

10

&

501

O
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Chapter 15

'y

RADICALS

15-1. Roots

(KA

=) .
Iet us consider the truth set of x° = k9. We recognize that T = L9,
Since it is also true that (:()2 = 49, we see that -7 . 1is also an element

=]
of the truth set of x~ = 49.

13

T . - rjﬂ = o - ~ - - -
1 The truth set of x~ =81 is _ - . {9,-9}

If x =11, thesn % = ) . A different number 1z

o

vhose square is 121 1is . ‘ =11

L

bofs®e x
225. The truth set of x~ = 225 is . {15,-15)

, so =15 is a number whose square is| 225
2

=

t is true that if a is any real number, then
o = (!a)g. Thus, if b is the sguare of some number

6 a, then b is also the __of -a. gquare

If b 1is = non-negative number, then we shall denote by Vb the non-
negutive number whose square is b. Thus, 8L = 9. The symbol Y is
called the radical sign. Note that -3 = -v&l. For any non-negative real
number t, +the symbol /& thus names exactly one real number, the non-negative

number whose square is b,

o =
]
Il

9 |{__ =10
A

~ = -12

11 |If m>0, /m is a

12 |The truth set of x° - | since there

1]

1
F3
=
i

13 ) ~ a real number whose square is -k,
(is,is not)

14 |wWe conclude: /% has meaning for us only if b= .

We can summarize: If b is 2 positive real number, the positive number

whose square is b is denoted by *vb. The negative number whose square is ©

{8 " -/b. We define: 0 = O.

, 503 4 ,
’ - iy



We often say, "The zquare rootc of 381 are 9 and -9", neaning that

the truth set of x° = 81 1is {9,-9). When we réad V31 aloud we say,

e
Lo
o+
]
-y

"the sjuare r 81", meaning, of course, only the number 9. .When we

uze the words, "square root of 81", +the context helps indicate whether you

> qurbker  YB1 or the two nunbers, 02
However, the symbol VBI refers

only

Claczify cach as true or false:

et
T
]
3
I
.

2=0 ) true

17 | (V) (VB)= 0 _ “true

v -0 - false
FE T £ NN/ R | false

%Vl o o - = — ceeT
21 VT iz never a number negative

JuppoJe we try zome numbers for x  and see what

[
[

-(-3)
=k X
g true

= =X

111 > | . o
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In Chapter 6 we made a similar pair of statements about |x|:

|} =%, if x>0

Thus, we can state:

If x 1s any real number,

x = |x|

E; |x| is true if x is -3, since

29 [A%-3 ena I3/ -__ .

We must be sure to recall that 7/b makes sense only
30 |if v K

31 |If b 1is negative, we can find ~ number(s)

a such that (a)(a) = b. no,one, many

32 | Remember, for all real values of x we have xgg s

Hence, the symbol J:EE stands for a real number for
all real values of X.

33 |If a<3, then a- 3 is

The symbol +a - 3 is the name of a real number only

3 |if a2 .

The symbol Jx3 is the name of a real number only if

3% |x___ 0.

Remember: If x and y are real numbers and vx = ¥
36 | then it must be true that x > _  and also that

37 ??;D- — — — NI S —

For each symbol that names a real number, state a

simpler name for that number.
38 |/3€ =
39 |/-36 =

o |/(-6)° = |-6] =

50 ]l o
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What you learned in a previous chapter about factoring may be put to use
here in finding the sguare root of a given number,

56 a1l = 5( ) [Pote that W1 is divisible by 9,
gince 4 + 4 + 1 =« 9.}

= (3)(3)(7) (7)

57 @) OO ((m)®

55 Hencej VILT = (3)(?) =




()

59 1936

T b divides 36.]
60 () ¢ )

61

(W)(8)(121) =

[(ERIS )f

62 Hence, V1936 = (L){11) =

i

63 | /2304 =

6 (VBT =
65 |-V125B5 =
66 /IT.56 -

67 055

i

" [Note that L4 divides 1936, since

15-1

3.b
0.16

. If Items 63-67 gave you trouble, do Items 68-85; otherwise, skip to

Item 86.

68 2304 = Z(%}%é) = Q)(g)ﬁ(f )
’ (2)(2)(3)(3)(8)(8)
69 (C )¢ )©

70 |Hence, V2300 = (2)(3)(8) = ___

L]

71 676 = W( )
T2 )( 3
73 ( _)*
CTh |SBTE = (2)( ) = 26

i
 f—
[
o~
i
W=,
| =
ok
et
—

75 j1225 = 5(2u5) = (5
76 |
7 = _
78 |-V12Z --(C)(7) =« __

1
o~
k%

79 |11.58 = (1156 ) (0. D;)

]

4 )(0.1)(0.1)

(2¥(2) (1) )(0.1)(0.1)

o]
o]
il

81 =P
82 |/IT58 < (3)(0.1) = ___ .

(256)(0.0001) = (___)(0.01)( " )
V2

= (2)(2)(8)(8)(0.01)(0.G1) = ¢\ » )°

83 |0.0256

L]
=
[

@6
18 ’

1(169).
(2)(2)(13)(23
g ((E)(:'Lg,))?

oy

4(5&)(@.@1)(5 oi}

85 |/O055E - ()(0.01) - 0.16

114

(4)(9)(6%)

(2Y(13) o

(5)(5}{h§)e17
(1)

S

(289)
(nan-. - -
(2an0af ..

E S

(lslgggﬂ%__:_.p_w



15-1

g6 | 1s J§§ + 2 =1 +true for some value of x?
[A] yes, if x is -1.
. [B] no - —

is always non-negative, Any non-negative number.
greater then 1. [B] is correct.. ’ '

-

.

So far, we have been talking about squares and square roots. Now-let us

look at zome cubes of numbers,

A0
=~
—
iy
B
il
T
-
o
e
il
w3
-
(¥
1
n
as

WK
Ak
i~
(=2
b3

[

W
=
ot
[an
]
i
™
il

¥

L]
Wl
|
!
-
il
W
]
»
Vond
o+
o g
T
ui
E]
il

"

90 | Ir % - 2a, then x° = .

then xs = __ . : -

Z
o
4
k)
w4
i
41
b=

Now we exemine some equations about x7.

92 | The truth'set of x° = 8 is | )« S {2}

93 | The truth set of x° = -64 is . R
9% | The truth.cet ot x° = -0,027 is . {-v.3}

95 | The truth set of % = ;i is . {%] A

Ity
b
[
1
s
m‘

ct o

96 | The truth

| o

When we find the truth set of x” = 8, we are finding a number vhose
cube is 3., There ic only one such real number, 2, and we say that 2 1is
the eube root of 8.

. 3

In general, if a and b are real numters such that a” = b, then a

e
Die]

)
the cube reot of b. ’ . .

Thuz, 2 is the cube root of 27 because 3

e
=

hd
1]

o
@‘y‘g

-5 1is the cube root of because (-5)-

W WD
Lol

is the cube root of 64 because u3f%f5&.

hoe]
)

115
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15-1
1r 83 - b, we write a = Y5 and read it "a is the cube root of b,

100 | %28 - Y0)3 - - )
101 |15 - 3(5)3? —
102 |¥3 - .

{positive,negative)

positive or negative,
Therefore, it is not possible to .find the square root
109 jof a number .,

However, while the cube of a positive number is

\”_m
-
(@]

positive, the cube of a negative number is ',

=
-
-y

Therefore, it is possible to take the cube i

of a negative number.

The cube rovot of a neggtive number is

112 ) ey
{positive,negative)

The preceding observations are certainly correct within the framework of
the real numbers, . Sometime in your study of mathematics you will find that if
‘we extend still further the kinds of numbers we use; we can insure that nega-
tive numbers will have square roots too, and that every non-zero number will

have three cube roots.

116

509 .
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i5-2. Irrational Number

Thus far you have found simpler names for squareroots of rational numbers
for which either the square root is obvious or for which the square root
msy be found by using prime factorization. Not ail numbers have this property.

V2, for example, certainly has no obvious simpler name.

Following are some examples of the types of square

roots we have found.

If we were given an expression such as /% + 1, we usually would not

leave it in this form, since we can write a simpler name for it.

L /g is the rational number .

Thus, -§= + 1 = %E* 1
5 = ;327
6 % , Vv0.36, /256 are all _____ numbers.
T J% + g + 1 = + _* ;
8 = .

> a

O AT .

Our entire discussion thus far Has been based on an underlying ass’u@tign:;
For any nananégatiiré&réal number & there is exactly one non-negative numﬁer ] /
whose square is a. In other words, if a > 0; then Y& is a unique real
number. V v ' : '

This assumption cannot be proved on the basis of the properties of the

real numbers listed in Chaspter 10. It is a conseguence of 'thé further property

AP R

noted there but not discussed.

let us consider the square root of the number 2. We showed earlier how - !

;5 E,S-l‘libé Lgeéteé. on thé number line, In order to discuss more i;::eﬂisely j

"\ vhere it is located, we need to show first that if & and b are naninegafive

e

‘. _numbers such that a <b, then +a < /b,

EK?E_ 1 11? 510

ES—
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We have proved that if &, b, ¢, and d are positive »
10| numbers and if a <t and c<d, then ac < ., | mc<bd

Thus, if Ya < /b,
_then Ya - ./a < /b« /b,

11 or a . &<h ‘

Also, 1f ¥a > /©
12|  then 8 . a>b -

if Ja=%b , ,
14 then a . a="b v

13| From the  property of equality, miltiplication

On the basis of all of this, it is easy to show by an indirect proof that:

If a and b are non-negative real numbers su¢h that a < b,

then +a < VB,

Proof:
i From the comparison property it must be true that N
15 | either /a<+/5, V& =+, or . ) Ya > /b

5 .
assumption that a < b, so it cannot be true that
16 E = .

then a = b, This contradicts the

Suppose Va

¥

Suppose Ya >Yb. Then a >b, This contradicts the
assumption that a < b; so it cannot be true that
17 | Ya

We conclude: If & and b are non-negative real
18 | numbers such that a < b, then +Ya .

We can use this argument to help locate. ¥2 on.the number line. We can
resson as follows: '

19| 1% <2<2®, nence 1<B<____,

L

‘20 (1..14)2 <2< (1;5)2; hence, < V2 < .

21 (1.41)2 <2< (1.42)2, hence,

Since 1.41 < /2 and V2 < 1.42, we see that +2 1lies between the
rational rumbers 1.41 and 1242 on the number line,

. 511 | 118
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A
W

a2 Every voint on the number line corresponds to a real -
number, ’ ' |
A rational number ic a real number which can ve named

by & fraction in which the numerator is a : whale

i3
A

number EﬂdAthé denominator a whole number different
ffom O,

mumker, ar is =, rational

| P -
o= D . i’ or '§j
O 142

26 | 1.42 1i: a rational number since 1.42 = ===, %

i

=
(N (W

=5

(]

o
[N

I
.
=
o
i
w

lso a rational number, since

A real number which is not a rational number is

27 | called an number,

irrational-.

We have seen how to locate v2 approximately on the number line. We
havez§§;umg§ that /2 1is not a rational number, and now we shall proceed

taipgpgg that /2 is irrational. This we chall state as:
Theorem 15-2. v2 is irrational,
Before we begin the actual proof, let us review some ideas which are

useful in this proof.

- i — ——

(]
i
4]
=
i
ol
*
E
ot
P
1)
-
sl
[
[{¥]
pa]

-

For any integer a,‘ if aé is even, then =a
29 | 1s . even

- e ; L ra o 4k
Thus, if a = 2n, where n is a positive integer,

30 | then a -is . | even

31 | That is, there is an- g such that a = 2q. integer

32 | To shbw that 2 B ~ rational, we shall assume| is not

33 | that the reverse is Y2 is . rational

We shall then show that this assurption leads %@ a

3L conclusion, ’ false

An ussumption vhich leads to a false conclusion must

35 | itself bve . : false’

ERIC
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37

If the assumption that +Z 1is rational leads to a
false conclusi~»,then it is false that V2 is

If it is false -hat V2 is rational, then V2 must

be .
Now we prove
Theorem 15-2. /2 i: irrational

as follows:
5}

38

39

ho

L2

b5

ERIC

Aruitoxt provided by Eic:

'b # 0, such that

We use the indirect method of proof, assuming that D

iz a_ number, y

Then there are positive integers &’ an: b, with

&
b

i
and such that a and b have no factor in commor.

(Ef there had been a common , we could have

removed it,) In particular, a and b are not both
even.

& . (B2 - 2

m mm

Fid

1]
[

by the

of equality.

Thuéi a is

Since a is

Consequently, a

even, iz wlco evern.

even, there is an integer ¢ sucir that
H =

I =
Since 2¢° = b5, b° is

evern,

Q@nsequénfly; b is also ~ . ‘

o

property

i

c
[
T

rational

irrational

o S,

L2

raticnél

factor

.
.
a = Zc ”
.
=
2b°
-
L]
2c”
%

gven

=
£
[
i
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ks We asserted earlier that s and b are not both

L7

43 la and bt ic

U . true,false
zoneluzsions

50 | Therefore, V2 is ) ¥

In Items 42 and 45 we have shown thut the assunmption

that +¥2 is rational leads to the conclusion that a
and b are both even, ngsgrggJ

Hence, the conclusion that a and b are both even

Thus, the assumption that (%)' = 2 -for some integers

because it leads to a false

We have shown: V2 cannot be expressed as an indicated

even .

quatiéf

¥

t

irrsiiangl

Notice an interesting difference between a ;rami by cantradlctlan, such

as we have just done, and other types of prgai which you have aéfg du:lng

thig couvre. In the direct proof, there is a speci

trying to establich, and you proceed to work with.whatever facts you arqﬁ

given and with the prapprt es of the real numbersAuntil the fact you are

seeking is before you. You concentrate on creatiﬁg the statement you desire

from statements which you have assumed to be true.

Ir. & proof by contradiction (indirect proof), on the other hand, you aﬂd

to the list of things with which you work the de

prove, and thén keep deriving results until a contradiction appears.

;§% of what you want to
This

contradiction proves that you made a mistake in-denying vhat y@i wanted to

show, and thus that what you wanted to show must havé been true all slong.

let us prove that V2 + 3 is irrational.

Proof':

51 Ascwne E +5 isa © number,

s

52 | Then /2 + (3 - ), or Y2, is rational, since the

Kl
[

of .

But V2 i: not rational. Thus, we have a

W
=

our dssumption that V2 +3

El

W
T

Hence, V2 + 3 is irrational,

set of ratlanal numbers is closed under the operation

:fslse

w 't : ., | :1:2;1‘ 51k

)

A S, VU

of

rgtiéﬁél';

contradictio




1 15-3

2

/2 + 3 are not ratiomal

nurberc,  This chows bhast Lol every reul number-iz a rational number, As s

We have proved that the real iumbers and

matter of fuct, there ave many numbers vhich can be proved to be irrational
by proofs zimilar to those which we have shown.

L =
" 1=
rove for yourselt thot EJE
] i

tten o H1n prooy,

5T

P Sals FRNNES

[0

e

T to thic

al'ler yuu Luve written your own proof,

T

a
R

sucly that

b

have no faector in common.

for yourself taat

3

-

_13

and that

is irrational.

g8

and b

integers

N

A
ratidnul

"The complete proof iz on page  x. Turn to this
: b4
pagerutter you have written your own proof.
- . ] - ~
F

£

 Rad

icnlcs

)

has exactly one pocitive square root

-Jhe fact that a positive number n
mst be kept in mind now, as we investigate come technigues whick help us to
simplify expressions involvini radic )

fih
»

2 On the dther hand,

] This enables us to

Lt
m
[ad

see that V35 + /§ =

A

%)

O
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Aruitoxt provided by Eic:



Név? let us turn to the product of S and JE

{f we can write this as a slmpler expression.
Doy We suspect that V2 + - Y2+ 3=40. 3
To verify that 3 « V3 = /& 1is true, notice that V6

5 is a positive number vhose square iz ; that i=,

(JE)E = 6.

So /86 and 43 + Y3 are both positive numbers whose

B square is .

| We know, however, that there is only one positive number

10 | whose cquare is . 6 i

Hence, VB « /5 = ¥V _ . /6

=t

These examples suggest that we can prove:
Theorem 15-3. For any posiiive numbers u and b,
/a - /b = Yab.

(a - /&)

« (Ja)3(/5)2

12 | Proofr: (/& * ﬁ;)g

il

[
o
I

(g

1% | Hence, Ya + ¥b is a number whose __ is ab.

Ja - /6 is a positive number, since both Ya and

15 Yt are _ .

By definition, Yab is also a positive numoer whose

16 | square is .

17 | But the positive number ab has only _ positive

square root.

Hence, Va * Vb = Yab.

123 7 L.

O
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18 | Wnish of the following are true rentences?

M, e /S /0
T v

t: "'H
13
L

[esl
-
=,
—u
w
—
-
4

[ A] il b 211 i
'B] ail except M oand 0 Dl oalt O nrd

Hence, 9Q 1Is not a true rentence. 'The rame sort of rearsoning

true. tence, [C]

wlll ghow that each of the other centences

ig the cerrect choice,

Write cach indlated product ac a retional numtor it

w| e | ;

posslibles Olherwice wrlte It ar a cingle radical.

an A SN Nrors

25 VAT B £

"j]’ V/-E\‘ =¥ :['j N 0
We have reen thut Uor ali non-nrgative numierc a  and [

We can oten uze this tact to ceparale a sincle cquare root into the proiu-t

of two ¢ ::are roots,

4]

B
!
ol
on

Iy

v
[es
—

™
e

w

Eﬂ

“

)
-

&
L]

27 We could also write V12 = /7 -

However, vk « /3 has the advantage thal /I is a

™
Lo

_ _ rumber. We will often find 2/3 simpler to rational

useithan /ié;
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- ) (33 +.¥3)
VB3V

Write each of the following in simpler form, if poszsible|

: 1 i 7 =g tie crnl JE2s
maklng the number under the radical 2igh the smallest

o v.Loe
Lz | 7YaEn

5 —

: Y
. V1t -

wrked to [ind the simplest form orf V108

cou misht notlce that
o Y103 - . V3

I
i

" vou had ot noticed this, you might have seen that

i
Ll
3
[

L3 : = - 54?.

125 . =8
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Acain, you might have uzed the prize
108 o write

CV103 -

0. WIBT = -
51, V1B - VBT = -
52.  (6V2)(3/1%)- _ .
53. (D(/ID) = ____ 59. BIE s _

S5k, (3/3B)(2AT) = 80, vE+ & - _ |
‘5‘;. /ﬁ = __ _

6u | V3B + VB) - S S

66 | 2/5(V2 + 370) = _ , @10 » 30

CeT | T(ET 1) ) ‘ S5 - T
| 68 | s/338 - 8) - . | oivE L 1n4E
69 | VIE(3 - B) = _ 7 5 - i3

™

| m—

0 | (5 + VBE < VE) < AL ) - VA - ) N A3

71 : =3 - B -2 .
1‘72 i 3ae2= 1

r

73 | (B BB - VD) = B )+ (V2 - /3) (5 < 3y, 45

=]
T
Il
(%
1
.
]
!
L]
ot

% (5 BYG-B - e

126




(23« A0 ) 375 + 73)
*73 =2r v *3 2+ /8 + 45+ 3

.
-1
—]

[

* I}
K2 i3, |x143

nen-
2

on-negative

7 BT R A= 1]

iz . negative

i the zet

By

(W5

g

]

it

i

. B
i v
£ o

non-negative

is non-nerative we uc

[l ie ;. £
] -
B Mx® - /Bx
4I iz norn-negativea. 2xv6x
2

s 13 any real number, 2xG |

2 . ]

¥ iz non-nerative]
Y

96 - , where x i non-negative,

O
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104

105

109

O
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in is the set of non-negative res

real numbers, +vx , which

=. Waere

wll

When we write Ja we
be restricted to non-

in the domain of

Conesider

I= O g
value off 3% - -

o

in the domain of X

-
LA

.}

n the domain of x

e

il
7
L] TS ]
|
I

-l

I ir the domain of x

Ly’
]
[t

The of x 1is the zet of resl numbers wnich

are greater than or egual to .

we zee readily that

1]
L
-
Ty
+
.

In Jx + xgj the domain of x 1:c the set of all

- . = )& .
~ numbers, since x and x gre always

non-negative,

In /; - yj, the domain is the set of

where y |is

the domain iz the zet of

real numbers.

W
\M
oo

e domain iz the set

|x].

i5 non=-negative and

no

+ 1)

nananegétivé“

k‘m




15-3

Simplify, indicating the domain of the variable in each problem in which
t iz not the set of all real numbers. Answers on page 1.

- ’/jé{ = - llﬁ. 'i3§: =

[

h_,
j

s

.
on rd
;:\

ol

I

(-

[

A

.

e
E
Wi

12, Ase® - 17, b - 7
’ 113. (2/38)(5V8x) = __ 18, Y(x3)(x) = ~

114, —7§y7 = 119. +B00x - /5000 =

* We have stated that any positive real number has exactly one positive

square root., It can.be shown thab.gny resal number has exactly one real cube

root. -
Using this fact, we can also prove: @E'@E = %éb for all real numbers

a and b. Try to complete the proof for yourself. Then use Items 120 to 12k

a5 a help or as a check.

(Fa ¥5)3 - Fa ) (= ®) Fa ) o
*120 - G@3d)3 )3
ab L

*#121 | Hence, ¥a ¥5 is a number whose cube is s gb

x122| V50 is aluy, by definition, a number whose cube is .| ab

#]123 | But the real number ab has only ~cube root. one .
#12h | Hence, Va % - %7:*,* ) 7 B Ve

et =
(] [
—J L
[\ 4
o E
s ) L=y T Y]
W i
[
i
w\l
ol
W
i
] ]
] %f
w
- l

x129 | ¥omd - o -3b
2130 | V210 ~ sse%l.ﬁ
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mplitied certain r

der the radical

look

7 gquare is

But the po

square roo

T (/5)°

iz a ___ number whose cguare is <

ey

sitive number

o

t.

also n positive number whose

which we zstate =
then-:

O
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Tick
L]

gt radico

ontained integers and powers

expressions

o ool

o theorem.

BN
Sk

-l

positive

]
"‘M‘
[

o
o]

Wi

]

LW BN



, by Theorem 15-k

- _ V3
_t_:} —7777 - X
Simplify
2 ‘
L * .

16 Which of the following gtatementﬂ are true for all allowable values of

the variable?

[A] all are true
[B] =1l but P are true
c

[C] Q and 5 are true, but P and K are false

¥~ is non-negative,

x is the set of all

real

: 5 :
In ;Fggi», the domain of a is the set of _ ;
Ja”

19 |ali numbers. _ positive

. 131 **
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is any positive number, then

.
‘mm
g
o

a
statement.
Hence, we may write: ¥
e
/94" / 9a
3

I
w

and it is

.7

iz

20
= if = tive,
orrect to zay: _
/5
8 _ 18
3

[
restricted.

Qa-

21

also o
The absolute value symbol is not incorrect here, but
ng the domain of the variable when it is

it is not necessary.

dicati

 Simplify, in
Check your answers with those on page xi.
ﬁ, ——

sentence, the domain of m was the set of

numkers

A all
= . /3 '

38 /58— " " "
32

3 |
55l 3

ERIC
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33 7;— is an ﬂndi:ated _____ of tvo square roots of
integers.

To find a fraction equivalent to ? , but with no

34 | radical in the numerator, we can use the
property of 1 +to write:

-

B Fd - -

: 58 il w

. O

36 S
On the other hand, to obtain 3 fraction equivalent

2
to % , but with no radical in the denominatcr,
we write:

s 5,6, ,

37 |-= = <8 (=&) by the multiplication property of
o A : PrOpeTSy of

.5 ,
= — E &
(¥3)

35 = . L]

Changing % into % is called rat};u}a izing the
5 /15 —_—
numerator.

39 We the numerator when we obtained the
fraction 75 s 1in which the “mneratar is rational,
as an equivalént fraction for 7=

' LO | Likewise, changing 7‘% into % is cailed
, the denominator. i 7
To rationalize the numerator of TF% , we write

j_f. E = 5 s fgi = eg_

i P A =
To retionalize the denominator we proceed as follows:

we lB A0

ﬁfi
/35

T
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15-4

We now have two ways to zimplify a fraction such as 52 . We may rationalize

4

the numerator, yielding —%&= . We may rationalize the denominator, yilelding
i r 3 7555: J L =

3.
2. . Which of the simplifications do we prefer? Actually, the answer to

thiz question is dependent on the use we are to make of the simplified Torm.

3

Suppose that we wish to find a deeimgl spproximation

of % , &nd that we know that Ji§ is

P

approximately 3.873.

e 3373 . 3
Of the tw cated quotients —_— a - -
18 LWo 1nclica quoTwlents, 5 &Il ﬁ ¥

45 | the easier to compute is __ -
For this reason, we often prefer to retionalize

46 | the __-

Ratiaﬁélizéithe QEﬂaminafér'in each of the fgliawings

L7

18

53 = E =
51 -

Fetionalize the denominators of each of the following,

assuming all varisbles to be positive.

- 1
B /fFHFT —

5k ,/% .




— 5
= _ ,i:, : — — - _ _ e . b

- - - —_— — A

. . .. T A
erform the indi rated operations ani rationalizd the

-
W
L]

i,
©

Wl
e

o)
o
o
'
.
o
!
I
(W]
5

Fationalize the numerators of the following:

5. (5)

€3 | 1r

64

S

o
W
=,

[t

7
W

[

L

3T : 1
Wy - B a7

1,
pai)

We can often apply the distributive property iﬂétimplifying phrazez

involving radicals.

g
”
'
&
|
pe
|

W3+ 318 - WS+ 3(0))3 |
57 | < W3+ LY/ + 643
68 s (b o+ E)V3 = , w3

6]

69 | Thus, the simple form of LY3 + 3/1Z is o, 10/3
since there is no further indicated operation which
can be performed. ) *

70 | /2 + Y3 ic already in simplest form

- 135 528
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71 | /12 + Jj?'é;gi§”f,777, Thi: cannot be further 2/3 %f§4§> S
sirplifidd./ } : SR
T2 c?%_ L VBT :‘ijgb V2 + 242
72 | o (1L+2)7) (1 + 2)V3
- _“"f AN
O e 3 - 1503
T G2y (4 + 15)73
76 o 1943
/Ja + e . 3/a+ 2/a
‘1'(’ . - ;Vf i{f;
42 . 2 : )
3/3 .
gt dé;’:i are Dﬁ jp;gf:j;:iwii_ . . . )
83. %fﬁ P 3T - h
]
: 1 =3 1 FE 4 j; -
Sha 'TT [ = -L:/:r: + @ = _

To summarize, if we have a

cortuinz a perfe® square factor, then the sum is

sum of different square roots

in zimplest

{ Gimplify, assuming & and b are positive numbers.

L I B -
L34

O
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In order to find the truth set of

' 4 -

we can Igfﬁfa chain of equivalent equations:
2x® = 32

’ X2 = 16

88 . ' ; ) x

I
=
[a]
H
Ed
Ui
\

E 89 |The truth set is .
90 | The truth set of i,g = 16 is .

The equation (n - 1)° = 9 is equivalent to

1
9 [n-1=3 or n-1-

92 Hence: the truth set of "(n - 1)2 = 9" is .
E_ ~ 2 ° '
. 93 |3" =9 and (-3)"=_ -
+ 94 [Hence, the truth set of x° =9 is

95 | The truth set of xgr

til

b
e
o
L]

96 |The truth.set of Vx =5 is__ . . : .

et of 'J&E =5 ﬁis .

]

97 | The truth

|1}
i

H

Ll

-

98 |'The truth set of |x]

&

" 15-5. Approximete Square Roots of Numbers between 1 and 100

We have seen that +3 1is a real number. Therefore, it can be associated
with some point on the number line. Since we know that 1° = 1, and 2® - L,

the point V3 must lie somewhere between 1 and 2,

14

4.7 e 530
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\\ Often we would like to locate the point +3 -more accurately.
‘we shall learn a method for estimating, or approximating, /&

How might we estimate 3 7

|since 1% -1 ena
1 )2 -3 ena
22 = L, )

2 /3 is between ' and .

is called a

Each &f the rational numbers 1 and 2

rational approximation to 3.

In fact, 1 and 2 are the nearest integer approxi-

3 mations to .

To get a closer éppféﬁiﬁéﬁiéﬁiié ‘¥§§ consider the

squares:
2

A R

(1.2)°

vl a)?
s ] ()

= 1.21
= 1,4k
= 1.69
= 1.96

{(1.5)°

(1.6)2
(1.7)°
(1.8)7

1]
L]
-

W

1,

(1.9) 3.61
If we look at the sguares of 1,1, 1.2,

that:

ete,, we see

6 |(1.1)° <3 ana (1.8)% 3.

Closer approximations to +3 than the integers 1 and

4 12 are 1.7 and .

This should meke it clear that the polnt associated with ¥3 1lies between
the points associated with 1.7 and 1.8. ‘

= lLf,,,, = — ] = + LI I
0 i L718 3 4
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15-5 - ~

We can indicate that 1.7 and 1.8 are rational
spproximetions (to tenths) of the square root of 3
by ueing the symbol "<" as follows:

8 |1.7<v3< - .

We can read this in two ways:
We can say that 1.7 41s less than V3 and
9 |¥3 1is less then .

10 |We can also say that ___ is between 1.7 and 1.8.

Computing the squares of the numbers 1.71,
which are between 1.7 and 1.8, we find that:

: (1.71)2 = 2,9241 ° (1.75)% = 3.0625
“(1.72)% = 2.9584 ete.

11 (1.73)° =

12 (1.74)° =

If we look at the squares of 1.71, 1.72, etc., we
13 | see that E%gjg)g 3 and (1.7&)E >3,

14 | Thus, we can write: __ <3< __ .

To' the -nearest hundredth, the rational approximations
15 {to Y3 are and __ 7 .

16 [¥3 1lies 1.73 and 1.7h.

|

|
-

|

\
-+

to E-

. - * - s,
8 | and __ are the integers which are the

closest approximations to V5.

532
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15-5;
19 |We may write 2 5 3.
Compute the follevwing -squares. . : ~ ;

20 (2.1)2

]

21 (2.2)2

22 (2.3)°

23 and _ are rational spproximaticns to

"2k |/5 to the nearest _ .

s | (2.23)% - ;

26 (2.24)°

]

The approximations to /f to the nearest hundredth

are 2.23 and 2.2k,

To find an approximation to V7 we can locate V7

27 |vbetween the integers __ -and . = 2, 3

7 ~ |Find the approximations to Y7 to the nearest
28 |tenth. s

|The fact that V7 is between 2.6 and 2.7, can be

written:

We chall use the symbol " m " +to mean "is approximately equal to".

Since "7 is closer to 9 than it is to L4, we

can say ) '
30 | . 7 1is approximately equal to _ . 3

Using the symbol "&", we can write

n 3l A _ _ T 83

/5 1is nearer to 2.2 than to 2.3, so we can write

32 5. o x 5w 2.2

bt

The process which we have been using to find rational approximations to

/& could be continued™¥3™thousandths, ten-thousandths, etc. Each time we

with +/a lying between them. But this process 1s very slow and laborious.
In the remainder of this section, we shall learn a more efficient method for

" finding an approximation to the square root of a number. :

o si3 120 - BN
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33
34

35

39

3

e

41

.43

cm: method for finding an ap’praximatian to the square }
root of. & number will involve using the reasoning
deve;apei in the fcllmring items.

If pg=16 and if Psq, wvhere p and g are
positive, then p=4 and q = -

In general, if pg k, and if p = g, then
fk Eﬂd q2, L

g
B
[
s
s
W

If pq=16 endif p<k, then g mist be

( gréater , 1&’53)

This must be true in order that pq = 16.

For example, if pq =16 and p 1is 2, then
q is __ . Thus, q 1is greater thagl ¥16.

In general, if pg=k and if 0 < p < ¥k, then

let us now consider spproximations to VI0.

The successive integers ’between which v’éé 1ies

are . eand -
<< J‘/
-9 ana 45 - -

10 1is closer to 9 ‘than to 15;

We conclude that _ _ 1is the 1nteger which is the
best appfeximatian to v10.

We may indicate that +10 is apprcximately equal to 3

by writing /0 .

14.!. . 534 ' ‘ \




O
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‘W

L8

19

50.

P

|since 3 < /10,

For a second approximstion to /10, consider the
product pg = 10. (See Items 33-38.)

Iet p=3 (3 is a first approximation to /10).
10 we may write: 3q = .

v10.

1]

Then, for »pgq

{,s;?

Since 3g = 10, then g o
%% is epproximately 3.33. Hence, +10 1lies

between and .

We take as a second approximation to Y10 the point
halfway between ‘'3 and 3.33.

+

This is the average of 3 and 3.33, or —5 33 .

The second approximation to V10 i

]
"

(Round to 3 digits.)

Y10 = .

You can check to see just how close to VIO the

second approximation is by squariﬁé 3.17.

(3.17)2 =

Thus, 3.17 1is a good rational approximation to Jiﬁél

i

15

10

10 .3
3%

< i

3 and 3.33

5




15-5

.
52
-

03

O
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Refer to the following table as you complete

Items 52-62, Y

Aoproximation to

Approximate Average

422 = 4,691

|We get the cecond approximation to V22 by averaging

1 (x.70)

In finding an approximation to #22,’ wve see that
o "
LLEE

V22

22 than is 4°,

The integer

{ =
lgi F

R

If pg=22 and if p =5, then g

: using as our first appraximati@ng

what integer)

the first approximation, p, which is 35, En§ q,

.
15 N

which

5 + 4.4C A s e A et o %
3,~%% 40 4.70, our second approximation.
=

p+q

i
1]

™)

]

to JE%,

to two

To get a third and still closer approximation
k.70,

We use this number, 4.7, as p. .

We then find the corresponding g, where pg
h.7q = 22. (to the nearest

thousandth).

Ptgq ____.*

=]
=
=

Hence, L4.691 is the third approximation to V22,

(4.601)2 = .

T

1681

b7

4,691

22.005481

h.691



e

R,

66

70

79
80

Find the third spproximstion to v50.

Al

Einr.-e '7 __ end 8° - ____, then a first
- apgraximgtian far B is .
‘ %? u T;BE

To find the second spproximation to Y53, we find 7
the = of B8 and 7.38.

8 + 7—.35
2

To get the t.hi,rd appraximatian, we first round off
7. 69 to two digits (that is, to ) and find, to
the ne,arest thousandth '

oo 1.7  ————
The average of 7.7 and 7.662 is
L 1.1 + 1. 662 _

Hence, 7.681 1is the third approximation to v50.
(7.681)% =

Fina the third gpproximatian to 15.

2 |A first epproximation to /19 .is __ .

. _ (to 3 digits)

The second appraximatian to 1’% is - '
: %g __ (to b aigits)
) g -
The third spproximation to vI§ is 4.359.
(435902 =
”f,ﬁ? L.359, e

Find the third appréximgtlon for each of the fa l wing

78

=

@Hm
s
@_ﬂ,,,ii,

and cheek yﬂur wﬁrk.

If you had trouble with any of these, turn to page xii.| .

’53—,'144\




115 5 Q@prﬁximate quare Roots of Positive Numbers

In Section 15-5 we have seen how to find an apprﬂxlmatlan to /a where
2 1is a number between 1 and 100. To recognize the first approximation,
we needed only to recall the sguares of the positive numbers less than or
equal to 10. ' '

] Since Bg = 64 and 9*

81, /71 1is between

Of the two numberz 64 and 81, 71 is nearer
to . '

Ty

3 Hence, a first spproximation fo L is - B .

L Y30 is between = and T .

first aspproximation to - fjﬁ is .

wn
]

6 | 2.8 is vetween _and .

If we wish closer approximations to /71, /30, and V2.8, we can
"divide and average" as we did in Section 15-5. ' ‘

Suppose we wish to find approximations to square roots of positive numbers
which are not between 1 and 100. -

Although we could use exactly the same process asxbei re, the work of

tinding - vx will often be easier if we write x as the product of two
numbers of which one is between 1 and 100, and the other is an even power

of 10.

10 - __"Um

If the third approximation to V3.56 is 1.887,-

then 356 = 1.887(10)

O
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Notice that we have made yse of Theorem 15-3, tive numbers
& and b, Ya + /b =+/ab" to show that 356 = +3.

The general method used could be summarized as ffllows:

g
g
~E
it
]
e

To find an approximation to ?§; for x 1y positive number,

1) rename x as a(iogn) where 1 <a4100 and n is
an integer.

2) Then /X = Ja(10°%) = Va(10")
3) Use the divide and average method of Section 15-5 tDlﬁf; an
approximation for Jg.i
L) Maltiply this result-by 10" to have an approxination for x.
Let us look at some even powers of 10.

S GE

13 |10~ < 100,

Now we might try writing some positive numbers in the form a(10°%),

-where 1 <a <100 and n is an integer.

19 392x10% . ' 392
20 |Hence, 392 = 3.92(200) - '3.92(20°%)

21 |o.s392 x 10° = 39,2

22 [Hence, 0.392 =  (1072) 39.2(10°)

23 | 8752 x %QEQW = 87.52 1072
ol | Hence, 8752 - ) 87.52(10%)

>» lo.8x10= - ' | 8

26 | Hence, 0.08 : - 8(1Of2)
21 (0.8 x10° = 80
28 |Hence, 0.8- (1073 ; 80(30°%)

il
20
=4
(>
'
[
e
Mot

i
L]
v~ |
e |
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10.009956 x 107 =
0 Hénée; 0.009556 =

L

93,000,000 x 105 = 93
nence, 93,000,000 =g37(7 )

35,000 % 108 = 3.5

Hence, 357,DQ@ = _

35
36
37
38
39
Lo

vay,

a(légn)g where 1 < a -2 100 and n 1is an integer.

0.029% = (107

61.68(16%)
1.2867(10%) -

; 33.2(1‘5—&7 n

Notice that in ﬁg cace, the number could uave been renamed in another |

which would 'also be a product of two numbers such that one is a .number

between 1 and 100 and the other is some power of 10.

b2’
b3

For 8168, we wrote B1.68( _ );’

we could also write 8168 = B,168(10 EL;!

L

For 0.0294, we wrote 2.94(

2934(10,,:! )

we could also write ©.029k

For 173, we wrote 1.73( );

we could also write 173 = 17.3( )

Note that in each caze our first choice was that in

8L.6810%)

8.168(10%)

2ok(10°8)
29.1(2073)
1730208

17.3(10"

sven



49

Hhich of the fallcw1ng are rst;anal numberfﬁ'

(ar Ao, Zl? /1“;1?

[Fi,,#iggi f /F_E _ s ) ¥

and 10 1is rational. Also,. J&G

AP - 10,

and 100 are fafiéiial-.

1@6{”.
is i?ratlﬁnsl.

Eath of these

D ani
since ¥§3

Hence, [C] is

e

Bumbarg are irraticnal
;:thé correct choice.

10 is a ratiénal
is why, when we wish to find an
a(10°")
an gven

the square root of a power of

This

 As illustrated above,
. number only if the éxpcﬁent is even.
/x,
where 1 < a < 100 and n
10.

_ appfgximatian to' we first rename x by a numeral of the form

.
. . _oia2n
is an integer; that is, where 10 1is

power of

21.3(10%)

Since

V27.3 -1s between 5

and 6,

but is closer

we see that

/2730

is between

/27.3(10)

to 5,

NE and ; and is closer to 50. 50 and 60 -+

Thus, a first approximdtion to /2730 -is . 50

53

If we wish to I'ind a closer approximation to 42736 ve can apprDXLmatE

Y27.3 by the
approximation by 10.

"divide and average" process, and

: | 145
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A first approximation to v27.3, as we saw above,
sho|is L S

55 Divide:

56 |Aversge: Z—=2t = =

57 |Divide:

58 | Average:

| The third approximation to V27.3 is '5.225.
| Thus, the third approximation to V2730 is
59 |(5.285)(10), or _____ .

60 (57&251)72'

Fiﬁé tl;e se&én&igj@raﬂm&tiaﬁ tg— ¥ ?3575 ;EDDD; _
61 | Since *354,6@6 _ !(j.t')l’i)!i -

e — ‘/PT -

/005 = /10 e
62 - = @E}T(JDQ) ' f“ﬂg T(10%)

w

35,4 is very close to 36, so a good Tirst approx-

? imation to Y35.% 1is !5
L

I
»
WCh
L]

Divide: 354
Divide: T =
65 | Aversge:’ 6+ 5.90

W
M
L5
Ll
'}

ey

The second aspproximation to +35.F is 5.95, so the
second approximation to v35%,000 is (Eif?f:)(ng);

55- or . 7
67 | (595) N . _ r -

Find the third appréxims.tién to v0.2138.

21,38( lo[j)

68 | 0.2138

Since 21,38 is between 16 and 25, but is
69 |closer to ______, & good first approximation to

70 1/21.38 .1is -
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=
o

7 | Divide: 2L.30 v

1]
M
N

T2 | Averege: —_—=-

The second approximation to 21,38 iz kL.t
21.38 _ o

T3 | Divide: -

T4 | Average: !i——é—%@; _

The third approximation to +21.35
75 |third approximation to +/0.2138 1is

76 |u.e2u(107h) =

77 fosen?.

— { _ _ R

Find the third approximation to ‘each of tne Yoliow ..

78 | /5.00570 =

# B ]

.79 | OBTO = __
8‘: ’I|DEED s __ Db,

If you had trouble with any of thesze, check your wors

with $hat shown on page xifii,

Fif:a the third spproximation to S )
81. V1881, __
Check your work with that on pege xiv. .

— ] =

&

Find the Eiéégirﬁ;;alzpfcximatians to the elements u}:_tfte
truth get of ) /
* . 7 =

83 |The tmth set §s .

84 The approximations are ___end ., . ek, mial

1 : F]

usefulpess of a printed table of decimal approxizat -

The
. L)
roots of numbers is jncreased if we use what we have loarie:

‘a number ip a form which involves an even power o: 10,
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Aruitoxt provided by Eic:



For.example: A table ol cquare roots rivec

_ — .
/756,000 - /[« 10 /13
Dy oor 818.5

000485

. o _ .
. =2 1,8
&) - 10°%, 0.8485

AR, 885

o | /o8 = 7 0.2828

[y
e
2
|
[ed
Iy
¥
X
5]
o

3
o
:ﬂ
|
Lo
L ]
)
o
55
el

foes the inf@vmatiéﬁ that /3 = 2!313 help you 1o

i Cing V30 7 L 10

T Sines 70 - /8 and Y10 I not rational, S8 ¢ VIO

/30 Jors net equal the proauct ol ST and an

o | inteyrral power of . 10

Ir b 1o g pocitive rcea! nupber, Hho thore
number whoso sguare 1o e Woe aeiine:
IY b lg s pocitive reol numoes, tho Is the pocitive
number woars gt .

The nesative number whooe coguwes 1o b o noate r oy -/t

We opluo defined: /O . 0.

I
lad

®x 15 any real number,
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P §‘1
mal ol

1] W

W bt

B

(= b

-y by

] B

M |

'} o

=

Il
.ot

S

"

b is & real number, and a” = b, then

i
4

We also defined:

We have proved:

Theorem 15-2. is irrational.
iﬁgar§m4;5j§; Ya - ¥b = Jab for v non-negative numbers o and b,
- e . . /=
Theorem 15-4, If a >0 and b >0, then & =,
~ReTEn L2 = : ER
To approximate /E, where x 15 positive, we have used the following
method.

. First, write x 1in the form a(i0 where 1 < a < 100 and n is

an integer., Hence, -
/% = Val107"

Second, find an integer p %between 1 and 10 inclusive which is the
first approximation to /a. To find the: second approximation, divide a by
p to find q, (gq= %); and determine the average of p and g. This
average, £§%—5 5 rounded off to two digits, 1s the second aﬁﬁr@ximati@n .
to Va. _ ‘

Then = B8 x 10,

If more éeauragy ig desired, use the second approximation of Y4 as the
new value of . p and carry out the division to four dipits., Use ihecse new

2

|+ i

9

velues of p and g to find the average

i

Review Problems

Answers to the review problems are on psge xv.

1. Simplify, indicating the domain of the variable whern it is restricted.

(a) V12 (a) /i% {rationalize (ey B VI8
- “  the denominator)

(e) flgxg ' (h) (a?bc)(abgc)

(¢) /Ba : (r) /& /2% (1) VEE + D)

a5 152



2. Simplify, indicating the domain of the variable when it is restricted,

' (a) /Eg-f'?_f;+1/i§ (E—') /é*%

/ —

(v) V5 /20 (1) % s 1
(e) Ao+ )7 (5 ¥

‘ £3(d) VBB - VF)

2. Rationalize the deror nator. Indicate the domain of the variable in

o W
(b) 1% (e %’-’TE *(h)

b, Simplify, indicating the domain of the varisble when it is r

and :tionalizing denominators.

(a) 2/12a Yo

(v B

—=
9 £ R
(@) /A4 sy
q
2 /3 /3
(e) /3 /% /%
Se Solve the fol awing:

(a) V% =
*(b) ¥n - |
(¢) ¥

I
+ o
—~
R
L =
o =
"
R
Ll B ==
| =
+
i

te
o
!
[ah
n
B
.
N
maf

=3

Fel
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between the two

—
£
i,
i

i
LT

symbiols

el

In eavh of the following use one of the
[

o2 to muke a irue sentence,

1

—
o
»
|
4
ot f b

. B
k —
(b) <

B 1.1 ’
'] ;{
FA

154
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lhi

A remarkable expression which produces many primes 1is

ﬁg - n+ k1,

If n is any number of the set (1,2,3, «.., 40} the value of the
expression is a prime number, but for n = 41 +the expression fails to
give a prime number. Tell why it fails. If an algebraic sentence is
true for the first L4OO wvalues of the variable, is it then necessarily

true for the LOlst?

A procedure sometimes used to save time in averaging large numbers is to
guess at an average, average the differences, and add that average 1o your

guess. Thus, if the numbers to be averaged--say your test scores--are

78, 80, 76, 72, 85, 70, 90, a reasonable guess for your average might ﬁgii
80. We tind how far each of our numbers is from 80. -

78 - 80 = -2
80-80=0 The sum of the differences is -9,

76 - 80 = -k The average of the differences is
72 - 80 = -8 - 2. Adding this to 80 gives
85 - 80=75

70 - 80 = -10
90 - 80 = 10

=

78% for the desired average. Can
- you explain why this works?

The weights of a university football team were pésted as 195, 205, 212,
201, 198, 232, 189, 178, 196, 204, 182, Find the average weight for the
t&am by the above method.

A rat which weighs x grams is -4 » ich diet and gains 25% in weight.
He iz then put on a poor diet ani 25 2% of his weight. Find the
number of grams difference in the weight of the rat from the beginning of

the experiment to the end.

had,
]
(WP

548
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Chapter 1o

FOLYNOMIALS AND FACTORINIC

We have orten written

L.
o
m
pal
fa
1
it
it
ot
\]"D‘
o}

¥

ion and multipl

i+

restriat ourselves

o zertain kinds of factor

ot that In fastoring alpebraic

L)

&
i

(3% +

diztributive

2

factlors

LA
-

—

)



iE-1

mine the phrases:

3 clearly involves addition and T 2o arly invalvgg

sutirastion. Binrce %® = xrx and 3x = 3'x, each phrese

[DI<iy “he correct cholee. -

x - /T are examples of polynomials. 7
ed division by a phrase containing

omials play, in connection

traic exprescions, a role

set ot real nurkers.

real nurbers and one or more variables

set by using no indicated operations

polynomial.

subtraction,or multiplica.ion is called a

‘nomial. In the same way

!
T
I

[]
bk
-

el

s
e

L+
=

( tolloving are polynomials?
R. x(x + 3)
i 2 g. (x + 1)+ (2x +5)
- T, Vx - .06
' [A] F, 4, R, 5
[R] all
(c] r, R 5 ‘
(p] P,R, 8§ T 1000y _ o
- - L S | ¥ o - i
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Q involves division, and T involves the extraction of &
square root of a variable. .E, ‘B, end 'S are polynomials.

[c] is the correct choice.

For each of the rollowing phrésesg indicate whether it

or is not a polynomial:

e
3%

10 |3a% o is .
11 “Jar - /7 o is

12 (x| +z1 ) | 1= not ,
[1nvolves |x|]

13 (s +5)t - 1) - is

| Ex - 8) - 16

; _,
P f . iz mot .0
= finvolves division]
is

15

16 |-

] b=
I

If only one variable appears in a polynomial, we have a polynomial in
that variable. For example, if the variable is x, we have a polynomial

ix = 1 1z a polynomial in X.

= N - 5

17 |Likewise Ly~ - y is a pelynomial in ____ . ¥

"18 |hy + :x iz a polynomial in _and ____. X,y

x° - 5x + 6 may be thought of as the sum of three’

a8 )
terms: x%, -5x%, and 6.

19 |Each of these terms is alsoa _______. polynomial.

An expression such as -5x has only one term. We call such an
expression a monomisl. In general, & polynomial which involves at most

indicated products is called a monomial.

‘L"
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& monomial, is

[
LA
o
]
[

¥ ¢y _ anoncmial.

e
L

25
&

Iy

)
[l

(W
I

%
Al
(W]
—
]
+
R
&

.
—
o
]
howt
et
i
-
"

i

30 J(x-2)x 53) = x(x-3)

i
i+
jaa
w
ol
3]
]

experience, tell u

Furthermore, the rrocess of

monomigals until further

. - = 3 = - PR e
T5y - 2+ 10y =y 1is in common polynomial form.

If we write nding powers of

ok
-

vy, we have . P

wn
Tt
™
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By the degree of & polynomial in one variable, we mean the highest power

of the variable that occurs when the polynomial is written in common poly-

1=

nomial form. (This is one reason 1t 1s convenient to arrange the terms =o
that the powers of the variable are in descending order.)

32 |3x3 - 2x © 4 1is a polynomial of __ 3.

33 |1+ x© - 5x 1is a polynomial of degree

State the degrees of the following polynomials:

36 3+ ey [carefull!]

37 |3(x - 1) +x(2x+5) ___ (First write in common
polynomial form.]

1]
~J
b

38 (7

‘! —T
]

=71

Notice that polynomials such as 3, -1, 8, etc., have degree O (see
Item 38). However, for technical reasons which you will learn about in
later courses we do not define the degree of the polynomial O. Thus every
polynomial ‘except 0 has a degree. By now you should te familiar with the

We shall often be conzerned with polynomials of degree 2. Such

polynomials are zalled guadratiz polynomials.

3y Zx + b iz a gquadrati: polynomial

ho |5 - x a quadrati: polynomial. is not

Wi Jiox - x" ¢ 5 isa ___  polynomial. b guadratiz

Now let we consider cums. products, and differenszes of polynimial:z.
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are also pclynomi

in fomnon

b J-(x+2)=___ -x - 2
by [(x+2) « (x5 +x-5)= 25 4 2x = 3
M f(x+2) - (T x-5) s -x2 + 7

b5 [r2)Frx-5) = x(6f e xs) valfexas) - xI+3x°-3x-10

By the instruction, "add two polynomials”, we shall mean, "write the

n polynomial form", as in Item L2 above, Similarly,

m

indicated sum in comm
2
=

the instructions for Ttem Ll might be: "subtract the polynomial x° + x = 5

from the polynomial x + 2.," In Item 45 we might say, "multivly the

polynomials,”

A - 2 o ,

Lé JAdd: 7T - 3 and -2yT + by = 2. ayé + by - 11-
L7 th v t2 - 6

L8 x - 3 - 2xE, x3-x@-hx+11

In organizing your work in Item 48 you have perhaps discovered another -

ndvantage of arranging the terms of a polynomial in order of descending

;owers of the variable. The work might be done as follows:

x>+ %% - 3x 4 8

2
subtract 2% + x - 3
= 2 .
Xx” = x° - hx + 11
Ly  |The QppDEItE of the polynomial 5 = x is x-5
~
50 |Add 2x® + x -2 and 2 - x - 2. o .
51 {0 is:
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1'ts of degree 3. [C].is not a polynomisl at s1l. D) nes
=1 for its constant. [B] iz the only correct Qh@iéér' R

In the polynomial 4x3 - SKE + 2x = 3 the set of
61 |coefficients is ___ . : {k;-8,2,-3]

The numbers L4, -8, 2, -3 are all integers.

We may call bx? - 8x° + 2x - 3 a polynomial over the

5 and 6 are integers. .

"X

€3 |In 7x° + %x * 5, the coefficient ____ is not an

64 |integer. Hence Tx® + 4x + 5 a polynomial

over the integers.

65 |The constant in x - % ] ___an integer, and ie not \

is, is not

66 héﬁce X - % is not & polynomial over the L integers

Now we are ready to consider factoring polynomials. At the beginning
5 :
of this section we considered the phrase 3x° + 2x. It is a rolynomial over

the integers.

[

[

o

+

[

b

i

BT

|
‘v

&8 x(3x + 2)

& | - . ) 3 + axd)

1

Eg(éx + L)

-
i
[
=
W
Mt

L 2 2
% 3xT + =x
) ,(x 5 )

1
—

E
+

71

Of the four factorizations in Items &8 to 71, that of €8--namely,

x(3x + 2)--is the simplest. What can we say of the others?

w0
o
2y,

163
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80 | It is true that x + 3

(I

1

However, just as in Chapter 12, we do not use 1

as a factor in the final form.

Factors such a8 x and x + 3 cannot be factored further. We will ssy
; wvhen no factor containing &
variable can be factored further. Folynomlals which cannct be factored

that we have factored a polynomial g

further play, in this chapter, a role similar to that of prime mumbers in
factoring integers. . :

We shall be working in much of this chapter with the problem of writing -
polynomials over the integers as products of polynomlals over the integers.

We shall speak of doing this as factoring polynomials over the integers.

81 |As you already know, the __ property can be
used to write indicated sums ms indicated products.
Factor each of the following polynomials completely
over the integers.

Bz 13t -6 = _

83 lab +ac =

84 lax - ay = o

85 |ex® + 6x = __

16-2. Factoring by the Distributive Property

In the preceding section we Baw a few examples 1n vhich the distributivg
property was used to change an indicated sum to an indicated produect. By
now you should be very famlliar with the distributive property. However, you
will find that it takes practice to apply it in complicated situations.




The pattern is easy to see in:

3x + 3y

(]

2 3x + 3y 1is the indicated sum of 3x and ____ .

1 3x + 3y

3 Both 3x and 3y have _____ as a factor.

of 3x and 3y. -

D

Sxy is the product of 5, X, €nd o

5. |syz 1is the product of 5, __, and z. .

. o .
‘ The common factors of 5xy and 5yz are 1, 3, ¥,
and 5y. As in Chapter 12, we call 5y the

Loa”

greatest _____ of 5xy and 3yz.

T Recognizing that __ - is the greatest common factor
of S5xy and S5yz makes it easy to apply the
distributive prgperﬁy to 5xy + 5yzZ.

4
8 Sxy 5y = ___ ,

1]
—

S s l = S — - =
[RY

Iﬁgfacﬁgring §xy7¥i§yg &érmightiiﬁéﬁeai have used 7
the following sﬂepsx .
9 5%y 4 5yz = 5(xy + )
(5 1s & common| factor of S5xy and 5yz.)
As a second step we observe that

[

10 (xy +y&) = __
11 (y iz =& of xy and  yz.)

So that 5xy + Syz = S5(xy + yz)
= 5(;‘x + g)) -
12 _ =ay(\ )
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Comparing the results in Items 8 and 12, we observe that we obtain the
\ same complete factorization, whether we use one step or two. This may
remind you of the Fundamental Theorem of Arithmetic. You will observe as
ve go along that therd are a number of similaritics between the properties of

integers and those of volynomials.

g

P

The preceding example suggests that when we wizh to use the distributive

property to fuctor an indl :ted sum it ls helpiui to think about the

crommon fartors of the term: of the sum. In fact, the nost helpful thing

to do is to think about the greatest common factor.

The greatest common [actor ol Ut

v

i wE oot . 2t3(2 - 3t9)

If you had trouble with Item i;, complete Itemz L5 to

18. If not, go to Item 19.

1
2 \ -, ok
Consider Lt and &t7.
15 |We note that 4% = 2 and € -2+ 2+3 C e

£ is a factor of t<, s

-
-]
-
—
[
e
e
i
b
y
(]
]
ot
I
i
"
-
ot
-
D
o
[
i
ket
o+
=1
s
=y
o+
ot
-
ok

=1
i
=]
']
Ll
+
A
L]
[+
[ ]
o
ol
it
i
]
o+
'
o]
o]
=y
]
Il
]
o]
[
r‘r
ol
fa)
[~
o+ [

— —— - — — - [H.
19 |Remember that =x=(1) - . ' x Co

20 |Thus xy + x = xy +x(1) - _ (). o x(y + 1)

Consider €a“b® - 3807,

The greatest common factor of G6a“t“ and 3a“t

.

22 [62b2 - 927> - : 327728 - b)
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(A] 6s°t -

3stu =

u)

tu)

3st(2s

35(25t

stg)

W
| hoadt
m
ﬂﬂ\

[}

or fhe fgllcwiﬁg; which factarigatian is complete?

s somplele faotor ization.

Yon

Fhﬂtar c@mglétel).

il

o
=

SxLz - 3xyz

P
hx;yg

33&3(%&'; v)
x(i*x:i <3y 1)

xy (=% *Exﬂ} ;ﬂr
-KSE(K asxsl)

25 -3xy +x=
- 2 22 2
26 y-x- y‘ boaxTyT oy owyT o _
Although in Item 70 al. Lou could have written either
' 3.2 02 2 2, .2 \
—xjy' Uy o+ oxyT xy“(-x" + 2¢ + 1)
or —xjy‘ Xyt xyg = -xy (x° - 2x - 1),

the second form is

usually preterred.

Which gél&ﬁémlal iz iEEtDTéd Qgrrectlyq -
[A] 2bx + 2 = 2b(x + 2)
(B] 6a’ - Tab = 3&(2&2 - 3b) -
__[c] Ex?y + bx = bx(xy + x) _ - - )

a3

21 =

Aﬁb{;{ -+

&xxxy + x) o= hxgy + hx
We see, therefore, that [A] and [C] are not ez&m les Qf
18] 111ustrates an

bx + Wb and
_and hxgy + gt £

correctly factored polynomials.

_example of &

' 3ai28° - 3b)

2x + hb f ?Ex *

correctly factored polynomial, since.
- 6s7 - gab,

-
::i

In general, you will find it worthwhile to verify your factoring as in

3 the response for Item 27.

O
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Let us consider some more complicated examples of
factoring.
(x - 1)t + (x - 1)3. This

polyromial is the indicated sum of

Consider the polynomial

terms.

how many

as a factor.

Each term has

We recognize that we can apply the distributive
property.

ab + ac =

That is,
&« b+ = (b +¢c)

—

(x - D)t + (x

e,

1):

I

N
3

Note: Copy and complete

Lt + (x - 1)3 1)(t + 3).

(u+v)x - (u+v)y=
®(x +2) +3(x+2) = _
(It you had trouble, complete Item 36. It not, go
on to Item 37.) ‘
x(x +2) + =(x+2) = |( X )
£
LD
- - 562

_ﬁﬁ*é)f%

ia (be)
LT

(D(£+3)

F

»

(x+ 3)(x +2)

{a+h) e
L

(x+3)(x+2)



L3

Ll .

us
L6

L7

L8

Lo

ey
:ti - ¥)

‘(;- _5)(11 + )
{aspre)lxy)

Fﬁgﬁor each of the f@llgﬁiﬁégi . R

a(x - 1) +(3x-3)=____

(a -bla+(a-b)b=___

x(bx - y) - ylbx - y) = __

3x(x +y) - 5ylx +y) + (x+y) = ___

rlu+v)-(u+v)s=____

s |(a+b+c)x-(a+b+e)y =

-ﬁé;k carefuli?iéigfhiéiééééi - T
z(x = y) + 3(y - x)

X -y y = %

(5;25

However, x -y __ _-(y - x)

Thus we can write:

2(x - y) + 3y - x)=z(x-y) 3(x-y)
S )

7In %ﬁéiééﬁéiway, faéébﬁgéémgletely;gr T

a(x - 3) - b(3 - x) =alx-3)+n( )

2a(3x - 2y) + 3b(2y - 3x) =

- .16-2

(o ¢ 3)x

(s

\
We have seen that:in applying the distributive property, as in the

foregoing examples; ve bhegin by looking for common factors of the terms.

. 4 . :
This means, of course, that we must look at the factors egch term.

For exaéﬁlé, consider i
- .

. 5(z - 3) + (2% - 32z) -

Note that 22 - 3z =

Thus 5(z - 3) + (=




16-2

7Fae£§r=77€¥ - 15(x ;;25 + (x . é)(¥i¥ é)e

(x=1)(x+2)+ (x-2)(x+2) = ((x-1)+(x-2))(x+2)

54 |The commor factor of (x + 3)° and (x + 3) is 7. .

Hence:
55 {x +3)2 - 2(x + 3)
56 | =(x+2)( )

1
-
]

]
s
| L
|

|
.

"

+
ok
M

Fector completely: )
5T [(x+y)(u-v)+ (x+yv=___
58 [(a+b+%e)(x+y)-(a+b+c)y=_
59 [1bbx® - 2168 +-180y =

60 Userfﬁé same method to write aisiﬁpler name for
(r -s)a+2)+(s-7r)a+2) . 0

with skill and practice all rolynomials can be factored. This is not the

casa,

61 |Of the following, vhich cannot be factored over the integers?
M. xy + yz + x2 F. 12x + 15y
N. 12x + 11y Q. x(x=2)+(x-2)
[A] M, N, and Q
(B] M, P, ana Q
[c] Mana N
(D] Pand q

2% + 15y = 3{kx + 5y) e R O
xx - 2) +{x-2) = {x +1)x - 2)e ¢ (Did yaaz?eﬁééber"thai
x =2 = (1)(x - 2)7 | L
ﬁ;§ 'and"N_ cannot be factored. Hence theigairéé
ids .£C]i oo - A B

*

e T Y- 'S

i\
O
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" the more important uses is in sélving equations.

'Suppcgeiﬁe were asked to solve the equation

5(z - 3) + (2% ~ 32) = 0. T

We have seen that the factored form of
62 |5(z - 3) + (22 - 32) 1s ______. (Look at Items 50
to 52 if you have trouble.) ' '

Let us eiéhiﬁé; theﬁ; the Eqﬁatian
(5 +2)z -3)=0

. The left side of this equation is a product, and the

63 |right side is ___

We know that the product of two real numbers iz O

if and only if one factor is O.

|Hence the open sentence "(5 + 2)(z - 3) = 0" is

64 "54‘3;’@ éi‘,, iii

equivalént to the compound open sentence

65 |The truth set of "5 +2 =0 or 2z -3=0"4is ___ .
Therefore, {=5,3) is also the truth set of

5(z - 3) + (2% - 32)= 0.

We shall examine further examples of using the factcréd

form of pblynomials to solve polynomial equations as

we proceed. o 7 - )

You have now seen many examples in which it is possible to find a L
cé%m@n factor for the terms of an indicated sum. In such examples, factoring
is easy. Consequently, if you wish to factor a polynomial it is gisé to
begin by looking for a common factor. If you find one, you can proceed at
once to apply the distributive property.

Suppose you don't? You cannot conclude at once that the polynomial

cannot he factored over the integers. .
== SR, | -y ¥ = = A e s - B e ]
W
565 ™ r
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66
67

68
69

70

£

Iet us consider, for example, the polynomisl
ég + ac + be + ab.
This is an indicated sum of ____ temms.

These terms _____have a common factor.
do,do not

However, we can group these terms:

8 + ac + be + ab = (aE + ac) + (be + ab).
Then we see

ag + ac =
be + 8b =
- 2
8 + ac + be +8b = (& + ac) + (be + ab)

ala + ¢) +bla + ¢)

The preceding example illustrates the method called factoring by grouping

terms. OSometimes this method is easy to use. Sometimes, hovever, it takes

skill and ingenuity to see how the terms should be arrangad and grouped.

You may find that a Palyncmial which can be factored by grouplng terms can
also be factored by other: methods which will be discussed in later sections
of this chapter.

72
3

Let us factor 32 + bx + 3x + 12 by grouping t
terms. ’

xg + bx + 3x + 12

xgrf;kﬁ) + ()
x( : )+ 3 )

he

Suppose. that in the preceding problem we had us

and grouped as follows.

In this form there is no common factor in the two terms. Thus we see the -

xS + lx + 3x+ 12 = (xg +12) + (&

impartangé-cf zhoosing the proper grouping.

grouping, complete Items *7L to *88,

If.you would like to try your-hand at gome more

F

ed the commutative property

e

x + 3x) §

.,

examples of factoring by
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*7'4
*715

#83

*8l.

=

Consider the true sentence

, 25t + 6 - 35 - bt

2(st + 3)°- (35 + Lt).

factoring.
Uéing the commutative property let us write

2st + 6 - 35 - Lt st - 33 + 6 = Lt

I

1
0
o
o
[}
i
‘ e
|

W
=
|
-
—
o

' Although this sentence is true, it does not help us in

|3rs = 38 + 5r - 5

Factor gaﬁiiéfély.

ax + 28 + 3x + 6 =

i

Sx +3xy -3y -5=__

I

2 R
P~ -mq - pg + mp

1]

ux + vx +uy + vy

2ab + ag +2b +a

W
]

I
oo
E

+
b

]
o
W

Suppeose we were asked to factor x2 + Tx + 12.

polynomial-.

However, Tx = bx + _

o
50 xg + Tx + 12 = x° + bx + 3x + 12

stands we cannot apply our grouping technique to this

= x( ) +3( )
.
Factor completely.
2
X" +5x + 6 = -

s(2t-3)-2(2t-3)
(s~ 2)(2% = 3)

£

(a + 3)(1;%¥Eé
(35 +5)(x =71)

x = 15 + 3y)

{(p+mMp - q)
(u+ v)(x +y)
(a +1)(2b + a)

{x - B)}x + 1}

LN

3x

(x + 3){x + k)

{x + 3)x +2)

*\
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<16-3. Difference of Square

3

141

We have seen already that for any two real

numbers .a and b,

il
.

(a +b)(a - b)

[
o]
[}
g
+

sentence

(a +B)(a - b) = a2

iz thus a simple consequence of the distributive property.

in words:

is equal to the difference of their squares.

L%l

’

1y yon need

a and b.
a and b.
_of the squares of a and b.

(a +b)(a -b) = _
say that the product of the __

Gince for any real numbers

a and b, we may
and the difference of any two real numbers is equal

__ of their .

- gum.

'diffefegée

The sum off 2x apnd 3y 1s written .

is written _ 4_;,,é

The difference of 2x and 3y

ihe product of the sum and difference of 2x and 3y
)N )

Alilying the same pattern we may write

is written ( —

C(2x 4 zy)(ex - 3y) = (2x)° - (3y)2

In the last item you needed to write (Ex)g and

not, ;o to Item 20,

O

ERIC

Aruitoxt provided by Eic:
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-

It can he stated

The product of the sum and the difference of any two real rumbers

'diffEréﬁgéA

review in using exponents in this way, do Items 14 to 19. I



Wl )=
15 | (182
16 (égb)g s
17 | ex® s )®
18 | 366R% = )°
19|1=( ,,,22,

Using the same technique as in Item 13, write the
following indicated products as indleated sums:

20 | (a - 2)(a +2) = _

21 | (2x - y)2x +y) -
(mn -+ 1)(mn = l)' =

2
23 | (a2 + p°)(a® - b°) =

In Ttems 20-24 we have used the statement
a® - b° = (a + b)(a - b) .
to change & product of two numbers into a certain related difference of
© squares. )
Often we use the same statement to write a difference of two squares as
a product. - ‘ .
. Which form is preferable, difference or product, depends on the use ve

have in mind. 'In this chapter we are primarily concerned with factoring, -

so ve wish to express polynouials as products vhenever we can. -

In Item 13 we found:

(2x + 3y)(2x - 3y) = bx® - 9°,

If we are asked, on the other hand, to factor the
polynomial T ng, we simply write:
s | - e -gyf e (N )

We are applying the fact that p
26 (20)2- (39)2

1

(2x + 3y)(____).

569

4_. R ¥4 B
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Knowing that a“ - t° = (a + b)(a - b), we can always A"

o e factor a polynomial if we ean tirst write it as a

dif'ference of squares.

=

Thus to factor “m- - 1én®, we recognize: A L
ot e e (7o) | G S
S S0 ) (3mis)(3m-kn) -

n
it

I

I
)
xd
[0
=
e
=
)
‘H‘
=
-
3
-
1
U
)
el
Mo’
o

). 7 Cag%)(aﬁa—fs)

~
2

3 .
Using the sentence a“ = b“ = (a + b)(a - b) .as a

model, factor the following: v L

0 |8 - 10 (x 1+ ) ) AU A(;.+:§}filfii :
31 2% s s Na - 3) » (a +3)a - 3)
2)
vE o A (2x+1)(2x-1) "

EZ R D [ | (6 + 2)(¢

TR [ o wim + 2){m -~ 2)

N R S (3 +¥)3 - y)

=]
S LEza L oo B . . L. W oL i = R
UiTerent procedures for lacteringe  1dx™ - by™  over the

Ich procedure is simpler?
(A} Lox® = by™ o W(hx® - y79)

Ch(ex v y)(ex - y)

] 163~ - hyi (ke 2y )(hx - 2y)

a(ezx + y)a(ex - y)

= i

NOoe b(ex o+ y)(ex - )

— SRS

i IT you n@ti\ad th%t one method take$‘gnly two steps, while the

' other takes three, you probably chasel[ALf By regagnizing -

first the caﬁménAfactér k, wepcan facta;;éampietely in just - o

T two steps. Iﬁ‘generalg;it is wise to look first for a factor
=E, which ic common to every term.

-\” =

ERIC
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37
38

4o
51
‘b2

Ly

LE

18

L9

In a similar Manner we can factor such expressions
. 3
as By~ =,18. J

B - 162 )

Note that:

Factor the following expressions:
2 - 4y
2hy® - 62" = )
l=n = .
Sy -9
-] aon .
= _ & i =
25a” - b "
- i3 =
5 =
20s* - 5 .

i
o
» e
finey
)
et

| (4% - 9)
2(2y+3)(2y-3)

6l2y+a) (y-2)
(14 a)(1-n)
(5y+3)(5y-3)

(5a+be)(5a-be) |

5(2sea)(as-
(TP (7RPe1)-

s = — —_ — e — =

Consider x° - O. p

2 ___ the Square of an intege. .

is,iz not

X - 2 1is not, ir tact, factorable over the integers.
.. 2 '
Consider, now, % * 4,
x"+h isa ___  of two squares.
(sum,ditference)

is not factorable over the integers.

is not

If the polynomial cannot be factored over the integers,

write "not factoralle over the ‘integers",

6.
(Hint: There are 3 factors in the
complete factorization.)

-
'

LI- =

N . | st d :izf

(x + 2)(x - 2)
not factorable
~ £
over the
_integers
not factarablé :
over the e
integers ®
(x5 )(x42)( x-2)
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et
Do)
(]

ks
j—

)
e

|
W

N
i)

m
3%

&l

bl

ltxkx}r = 1 = ! 777 )(3}( + l)(EX - l)

twoonr mathod o

d
[
it
i
e

(a - 1 -

-1 (a - 1)8 -

B
I

¥
o

(a - 2)"

to such rpolynonlals as

(m o+ “)E - (m - n) - —
(m + ﬁ}ﬁ - (m+ n)g )
(=7 -0 - (= y) =

et us solve the equation
We can reason:

It 5 = 9 = 0
then {x+3)( ) =0

(2 + 2)(x = 3) =0 ir and

or ¥ - 3 =

It x-3=0,

We note that "x® - 9 = Q"

and

are cquivalent open sentences.

Thus, the truth set of' x

x

Iy
LK)
e
H

L
[
o

It

it
[

kﬂ
=
n

a(a « 2)

((a - 3) - 4)A
(e + 1)a ~ 7).

hmm

(3;‘3)



Ve tion = = 0,
vie

o5 4
q4re o lL: R s AT LIS .

g

70 -z —_— -1,
TL oWt -t -0 - (0,- &, 1)
72 | (s +2)" - 2.0 -
< . 2
T3 Jx=+ L g L ) D.isinte x"+h30
for ail real
- numbers x)

we zannct
that there iz a-

real number
In this se=tion we have used in factoring the fast that i a and 1

are any real numbers
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[

*

even when either

and b

Consider the product of the sum and difference of

Il

the two numbers 4§ and

o+
[
—
——
o)

I

s
Pt

/5

[
e
i)

an irrational number. Hence, Y2 + 3 and

ral

- % are both __ numbers .

= 2 -
= =

a(n)

ik}

The product, -7, i

——— (rational,irrational)

Congider (V3 + Jg)(i§ = JE)-
(V3 + BUY3 - B)

Ll
—
R

I

i
e
—

K

—

The product, -2, 1is a . _ number .
(rational,irrational)

irrational

From the exercises which you have done, it should be evident that, given
an indicated product of the form (a + b)(a - b); the product may be rational

a or b is irrational, or even if toth are irrationmal.

In fact, the product of the sum and difference of two real numbers a

is itself a rational .number.

*835

* 8l

O

ERIC
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hall use this property to rationalize the
1

depominator in =—7=-
5- 73
1.1 .5+ &

5-73 5-

We

[ra]

- by the multiplication property
5+ 73 of 1-

3

G- B5 + )

S S5
52 - (/3)° . ;

1 _5+73
5-43 e’
We have completed "rationalizing the _____ " of the

Thus ,

which are either rational or at most square roots of rational numbers

7f:a;ti§n; LS -
RS T




denominator very convenient. You can

is approximately 1.7:7. If you want

it saves arithmetic to notice that

As you will recall from Chapter 15, we sometimes

T

ind retionalizing th
&

by a decimal

f =
for example, that

find in tables, for
1

to apprcximate Y R
= =

W

* Rationalize the denominator in each of the following:
g5 | - 2 _ 2 .5-492
|5+ 5+ /2 )
6 = .
wy |32 G R)3eB) o 6B
= 14 + 645
= 2(7 + 3/5))
%88 —75,7 = T(,fﬁ * ’3)
] /3 - .
*89 | 72 _Efg " — 3B+ /15

* We find it easy to factor a” -

2 a 5

squares. In fact a“ - b° = (a + b)(
5 X

the sum a” rs.

It is natural to ask: t abou

3 =
3 3 -
a” -t and

answcrsz are easy to find.

b~, which is the difference of two

a - b). But there is no way to factor

t

L

53 + b7 7

Find the product:

T

(a +b)(a® - ab + b°) - ala

91

O
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b(a® - ab + b?)
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£p




+
.

8

1
—
Jr

+
-
et
—
!

I
=

)
p—

|
—
-

.
i
hou
£
Y
-
i
i
't

i

T we nesd only let T 2 an _ L
From a” - t” - (a - 1,(a - Bl & ) nul
Lo Vi - )
Fast.r 80 T I,  ualng Lhe I'nd A
=L la® +1-  (a Ja” - at +i7)
et & -5 and bt - L
SR P I S
- Find the product:
(a-t)(a"+al+t~) - ala~+at-1”") - L(a~+aL+t")
L _ _

«# | tus, &’ -8 - (a- Ja+za+ )
Sl PR S |G )

(t13)(i2§f+1)

2 z
{avb)(a“-ab+™)

e’ - ()3

(2x-1){ x4

(-1){tBt1)"

Thus we zee:

of two cubes.

ERIC
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1£=k, Perfect Squares ’
If a polynomial is the produzt 27 two it 13
to be a perfect sguare.
1 _ . J St
Here is s magé——l,;éérestan;;;iampii.”7 ) - T
=l
(& +b)°=(a~1t)(a~1b)
2 =ala+e) sl ) tia - v)
3 =8 ~ab +ba o+ :
- -
b = ?; - ab =+ bgi 0 v Zai o+
7”72::, 777777 o )
Similarly (a = 1) = (a - b)(a - b)
5 =ala -t) -t . w{a - 1)
’ =z & 3
é =a”~ a5 = Zmb + BT

e

-

577 : '
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Aruitoxt provided by Eic:



pt
i
Eod

We know that x *x = xg_; (x ¢ y)x+ y}’%xg + Pxy + yg; and
(x - y)(x - y) = x° - 8xy + y°. Thus, the polynomials in [A},
{c], and [D} may be written as the product of two idenmtical
polynomials and are therefore perfect squares, Eﬁxiyk is not
a perfect squere sinee it cennot be written es a product of two

identical polynomials. [B] is the correct cholce.

We kave noted that
2 2 g
(a ~ U)F a° - fat + b7,

This result may Te expressed in words:

oy

ik

she Tirst number nlucs - their produzt rius the twice; or two
- : timas -

of the second number." square

Square the following, usirn  this pattern.

= =3
=

10 ©(10 + 3)F = 10 + 2(10)(3) + | 3B e

W
=
P
W

it
=
——
I
L
.“_
I
o
I
1
[
)
4
e
|
| |
| ——
|
|
|
i
I
o
P
—
[
L
Mgt
—
L%
et

-
i
1l
M

13 [(x+ 0% =@ v () + 42 2(x)(4)

XE + 8x + 15.

Now see if you can write the product without writing

down the midile step:

17 |f -+ y)g - _
18 |(3a+ )%=
Wy [(sx v 9) e
i : 2 Ln® + p0mn + 25

21 [(7a + 3)% = _ , ha” + lizgb

- =

O
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fund
i
H
i
[
Ly
i
e
i
B
=
e
I
1
s
r. "
L!_1
L
t
Y-
[l
i
i
e
e
fet
[
»
[
=
I
o+

]

w22 | (Gev2) » )~ - x® + y o+ axy
+ by + by + &

as e 2(x)(z) ¢ s
amd comrare this srmowitn tho ratser

N bemarm ed o m T, . - 2 -
We have used x for a ani 3 Zor L. Ws may conciude that x° + Ox + o

is a perfect square.

a rerfect sznuare?

%
»

"y
-+

T

Is the polynomial 36x° + 12y

Our procedure, of course, is *o compare it with the
B foa L2
23 |inlynomial a< + . : ag + 2gbh + bg

-

2k 136xT + 1Zxy + y© may te vritten

[in]

Bee ansver below

()2 v 260)(y) + g r ‘
P I A ~
a t 2 + BT .

o
-

(Note: Cor: nnd complete toxed material

;
e b L

e +2a b +%t

) _ .2 2
25 |The polynomial 36x + l2xy + y° B perfect is

*l.juare, and vwe may write: )

26 36x° + loxy +yS = ()2,

ERIC
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Tind the perfect squares among the following

polynomials, and express them as squares.

27 |x +* 2ay +

o
o0
=
ki3
%]

¥

=
£

i

=

W

(i

ot
ﬂb_—ﬂ
=
£
+
E
+
fil

is a perfect square since it may be written as the product of two identical

polynomials. It is often convenient to compare’polynomimls with this
pattern to test whether or not they are perfect squares.

For example: ng - 12xy +t 4y

32 |can be written: ( 2,2 - 2(3x)(2y) + ﬁ_‘_f

E 5

(%]

and compared with: 32 -2 a b g‘b

We may conclude from this test that the polynomial

33 932 - 12y + 1*3!2 ____ a perfect square.
is,is not : )

Comparing ng = l2xy + L&yg with ag =Zab + bE, we
34 |identified a with
33 Jand b with .

36 [9x® - nexy + WP =

nomials, and express them as sgquales.

For any that are not perfect squares, write "not a
perfect square”. ' .

37 |42 - exy + 5P

38 hxg = bx +y

2
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b - - o
. { D piie a0 0]

- L 2
= orior - l‘f‘*d)r—

L S S Av)g
he D R G R S 7 } (fx +1} *y)g
EDI‘, simply,

i,

¥l is .) i

i

riecl square?

hen

. O

square

"

T,

5= i %
LotoL wo
5 t A

= + Zab

1 |Henze, either 2t =p or - = p. -Zb=p

ERIC
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i an ses that =7+ iz a perrect square.

15 because 27 oand owo- 20 ). 2(3)
- mo- L 15 a perrect since 1o = ( m)% (4)2
s-2 ). a(k}

it

A
B iv is o perfect sgquare since 10 = __

A gundratic polynomial =~ *+ px + 4, vhere

are integers, is a perfect square 11 and cnly

L

p and g

ir

We see that x° + 10x + 36 1s a perfect square, s

inze

111 the Tlank with a number which will make the
resulting polynomial a perfec. Sgquare.
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Complete the following to make true sentences

6L |xT ¢ v o+ = ( _ ) N%g {x + K)E

€5 e® 4 he + i _ = 7;,,,)? *23 {c + 2)%k

16, (x + 42

1T,
Lk
i
[N
ok
]
3
b
1]
_—
|
|

We ars primarily interested Jjust now in factoring polynomials over the
interers. However, we should te aware that the idsas we are usins have
wide applizability.

The statements a~ - v = {a + B)(a - )

m

2 2
8 + 2k + 87 = (a + b)°

: , X , 42
a“ - Zat b~ = (a - b)

are true, ol zcourse, ir a and © are any real numbers. Our use of these

statements is not always restricted to the integers.

L
w
e}

We observe, for example, that

67 (x + ;';)L <Pt

fa ]
x“+ 3x + g

ig illusirates once again the pattern =

jg]
[
i

=
=

+ B° See answer below.

LT

;) = x° 4 2(x)__ )+ ( )2 :

st
[
i
wo
+

68 (

T

:(;x +2) x= *E(x)(g)—* (;%327 :

[

Fill in the blanks to make the following polynomials
perfect squares.
2

70 32*33:*5 )g

7L [x® + x+ ()% [Hint: The coefficient of x is 1l

" 58 e
2150



igsing term to make each of the following

+
|

b

4 ]

il

sgquare, and cimplete the sentence.

70 5%+ 10w+ = 77)? ‘5, (x+ 572

. %, (-ZY = %32 i

. 2 1.8 -
74 == o+ ETQ + = ﬁ,, 7777727‘!7 é—:%) {b +%} -
-

~J
bl
re
L]
]
L
M
i
—
| oy

[
8] ]

m\
"R
\
—
wlt
i
e

i in Items 64 to 66 and Items 69 to 76

will prlay an important part in our

discussion of gquadratic polynomials.
We will conclude this section by showing how recognizing pertect squares
helps us in solving certain equations.

For example, let us solve b8+ Uz + 1 = 0.

77 |Noti. that the right side of this equation is .| o
2

Moroover, we recognize that Lz + bz + 1 is a
. * = 1
76 |perfect ___ . = square

We thus see that

i Ld

" 79

' are equivalent e,zr:lusn:,ir;wns"E
: (2z + 1)° is & product of two identical factors. T
L Tris product is O if and only if 2x + 1 is O,

| Thus we have the chain of equivalent sentences:

80 , =0

81 [The truth set for each is

?_ . | | | D ;lf§a£ ;é | ﬁ: . .
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82 xg - 10x+25 =0 Truth set: _ ‘? {5}’

83 fox® +1ex + k=0 Truth set: _____ (- %)

16-5. Iastoring by Completing the Square

By now you should be able to factor a polynomial wh. h is the difference

of two squares. You should also be sble to construct polynomials which are
perfect squares. ’

These techniques can ve combined to factor certain polynomials which
are not perfect squares.

2 .
Consider, for example, the polynomial x~ + éx + 5.

1 The polynomial _ & perfect square. iz not

(is,is not,
2 However, we know that X2 + 6x + ____ is a perfect g
|squaze,

. 2 -
3 Moreover, x~ + &6x + 5 -9
-4

k32

[ We observe that (x + 3)2 - Lk is the of two | difference
squares. Hence, continuing:- S

(x+ D? - 4

o
X"+ 6x+5
(:( + 3+ g)f,; _ )! {x + 3 = E) -
{

~
I
1]

(x +5) x +.1),

8 In Item 3 we added and subtracted ___ . This is éﬁéﬁg‘ 5 o
’ step in théfpracess of completing the square.

585
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=]
In order to solve x = Lx = 4 we may first write

the equivalent sentence

This equation has O on one side; hénce we may

apply the property stated in Item 10.

[

by - 4

X

".—J
]
o
"
=
"
+
=
[

0
(x - E)E

h»ql
LN
[
m‘
[
e

"
n
L0
1
Lo

b lare all _ sentences. ;Eqﬁiﬁlent

2

15 |Hence the trith set of x™ = 4x - & is __ {2}
Solve. Answers are on page xix. o ) i
=]
=

1. y"+ €y +12=0 -~
20 xgehx=5 o B B -
——
137 s90 .

O
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6 | and the 3x, which are multiplied to give ______,

1
I
-

Chapter 17
QUALFATIC FOLYHOMIALZS

17-1. Factoring by Insvection o

We have already learied that we can use the method of comrleting Tie
square in factoring quadratlc polynomials of the form xg + px *+ q. Some-
times we are a:le to factor such polynomials over the integers, but sone-
times we cannot do this. .

Now we are gofng to study a second approach to the problem of factoring
such polynomials over the integers. It reguires ingenuity, but it is often
quicker than completing the square.

We have found that examining carefully the process for writing an
indicated product as & sum helps us recognize patierns useful a factoring.

Let us begin, then, by considering as an example the profuct (2x +5)3x +7).

1 (2 +35)(3x + 7) = 2x(3x + 7) = ) 3x + 7)

2
= 63( +
= rr ~

6x° + x+ 35 o 29x

-

+ 15% + 35 fi%%x

Yy
I

]

- pr@peffyg distributive

L In Items 1 and 2 we have applied the

We can show the work of Items 1, 2, 3 in a diagram as follows:

Step 1 Step 2 Step 3
(2x +5)(3x + 7) (2x +5)(3x + 7) (2x +5)(3x +7)
. = Ha®
\r/ \;—/
s , - Y
6x 1hx + 15x 35
29x

Look carefully at this diagram as you campléte Items 5 to 10.

In Ttem 2 we saw that i
(2% +5)(3x + 7) = 6x° + 1lx + 15% + 35.

Each of these terms is the product of one term in
(2x +5) and one term in (3x + 7).

Thus 6x° 1is the product of the 2x in (2x + 5) and
the in (3x + 7). 3x

We indicate this in the diagram in Step 1. The 2x

are connected by & curve.




—

B = - o _

P as 7r*-7 n - R R
%/,77 77?
LY = ( ) ;)( . :> o
iy !
T (= 0)(e e ) ¥
\"H-L—f“” - 7}

"



O

ERIC

Aruitoxt provided by Eic:

When our pettern is applied to the polyncmial in [C}; we

note that the middle term is obtained as follows:

(EE*%&?@*B)

Since -9x% + 4x = - ¢, [C] is the correct choice.

Bx® + 22x + 15

20 | (x + 6)(x + €) K+ 12x 36

Did you notice-that Items 21 and 22 each could have been done in
another way? Ttem 21 involves the product of the sum and the difference of
= 2
2x and +. In Item 22 you have (x + 6)°,

s - - ,

Write (-x + 2)(-x - 3) =as an indicated sum.

v
Lea

il
e
o
+

23 (-x + 2)(-x = 3)

593 gl
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Tl
w7

Ly
L5

iy

Thus, proceeding as in the last example, we loak for

integers m and n such that_

g

xT + 5% + 6. -

(x + m)(x + n)
Thinking of our pattern, we *hus need to fimd ™ &nd

n such that mn = s

We find that the ralr of intepers N

has the preduct €

We checik: (x + 2)(x + 3) =

£

I
+
M
[
o+
+

(]
Zh

t

v

tT+ 3t + 2

o |

To factor x" + 2x - 15, noting that the co efictent

=] R .
of x° is __ , you might consider
—_— . :

(#+ m)(x + n) = x= + 2x - 15,

We know from our pattern that mn

Henece one of the integers m, n ,Must be o and

the other positive.

xg +Sx +6- -

(t + 2)t + 10)
Y

+ 20)s




[N

£l . -18
i o L, -16

o
w
]
i
b
i
[
Ly
=
fuy
o
%)
i
E
"
i

i
5
o
i
]
I
W
s,
o
[
i
U}
e

i pul
Copsider (x +m)(x + n) = x= - 8x + 15,

oth positive

-
(&
I
el
g
"
=
pat

fil
[
%

h
=]
o
pu
(el
"1
[
H
i
i)
b
-
fa
i
H
e
ik

I,
!
Wk
i
I
o
Lt
N
s
o]
o
o

negative

T factors of 15 has the sum -B87 =3; -5

aly
o)
&
s
ru
(£
ke
o
[
kg
o
Ik,
l—-h
g
Tl
o
o]
Ly
i
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- xg =8x+ 15 = xg + (-3 -5)x +15
69 = ) )

* Tuo= 17 i} ) (x “ £y
— (a + 3)(& ~ 5}

T e iy - 18 ; (;r':v_-s«; Uy - _:

:':i ‘o= 5 - fx *5)(1

x4+ bhx -5 = (x+5)(x-1)

hose product is -5 and whose sum is ). We were

- 5. This methnd depends on the idea of

FasTor xT 4 4% - 5 by the method“Bf completing thé
75-

L

wr thus have at our disposal two methods for factoring over the integers
ia. of the form x° + px + q. ~(Needless to say, toth lead to the

:

R

he trial and error method is quick, particularly where g has few
relrs of factors. Later we will discuss some shortcuts that are helpful
w“hern 3 has many factors.
rorward and direst, so you may prefer it in some cases. (This method is

als® imrortant because it has other uses,)
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can be factored over the integers.

17-1

Of course you must remember that neo‘ all polynomials over the integers

factorization, so will the other one.

If one method fails to lead to 2

_ , 2 . . ;
let us determine whether x~ + lkx + 36 is factorable
over the integers.

List all of the pairz of factors of 36. There are

different pairs.

(how many

Did you find a pair of Factors vhose sum is 147

Since we are unable to Tind suveh & palr of factors, vwe

o
conclude that == + 1Llx + 3€ factoratle

over the integers.

In attempting to factor x~ + lhkx + 36 we might

instead have used the method of completing the square.

2 ; L
x= + Lhx + is a rerf=zct square.

-

; _ 1 .
x5 + Lhx + 36 = 2z~ + lhx

= )

b - k) o+ 36

[

the square of an integer.

We cannot use the idea of difference of squares to

=
factor {(x + 7)° - 13 over the integers.

Foctor over :ie integers if possitle, using any meth:d

you rrefcr. write

cannct be ractored over the integers.

tE + 9t + 20

(]

-+ 10t + 20

]

x= + 20x + 6L
xg + 16x + 6h s
X2 ot Bx + 64

xg -9x + 8

599 AT

-

[
2
d
-]
+

(t +4)t +5)

not f‘?‘:f’grablg”
(x+ D)(xs 16)
(x + BXx + B):
( or (x fg)g ,

net factorable

(% - 1)(x - 8)-



Factor Exg + 3x + 1 over the integers.

2

2%+ 3+ 1 =

o
el
]

If you had trouble with Item 88, complete Items 89

to %2. If not, go to Item 93.

! ba

oy | In 2% + 3x + 1 the coefficient of x~ is .

We want to find integers 1, s, m, n such that

— 2

(rx + m)(sx + n) = 2x° + 3x + 1.

90 If this is to be true, rs must be _ ~ and mn

#1 | must te

el (ax + W)(x+1) =

Hence Item 88, when completed, should read:

+ x4 1= (2x + 1)(x +1).

Some of the ldeas about prime factorizations of integers, which were
developed in Chapter 12, can help us find shortcuts in factoring polynomials-
over the integers.

For example, suppcse we wizhed to factor

%2 + 22x + T2,

I
(¥

vrrime factorization of 72 1is

3
5
]

[

- 32,

We want to have:

(x + m){x +n) = X2 + 22% + 72,

x
X
o

I

]

[

Since 72 = 27 + 3%, we see that the only prime

factorz of m and n are 2 and . 3

L]

4 | At least one of the numbers m and n 1 - even

i
[n]
2y
rt
o
o
pt
[ix]
o]

‘even

i . . .
Gince one of the numbers m and n 1is even, and since their sum, 22,
is even, it is evident that both the required factors must be even. On the

x

600 i

O
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4

other hand, since 3 is not a factor of 22, we cannot have 3 as a

factor of both m and n.

Thus we have excluded, from the list of pairs of
factors of 72, all those except

96 ' s ___end____, .

You can then conclude easily:

97 xFeex 2= () ).

If you had trouble with Item 956, write a complete 1list

of pairs of factors of T72. Then review how each
palr may be excluded by the argument above except
those in Item 96.

. Example: The pair 9, 8 is excluded because 9 is
98 - and hence 9 + 8 is odd. cdd

Iet us demonstrate this line of reasoning again by
consideying
g 2 3 .
x° + 55x + 600.
We could begin by listing all the pairs of integers
*99 | vhose _ _. is 600.

This list; however, would be quite long. Let us ‘
instead begin by considering the prime factorization
of 600,

B 233:32

#*#100 600

2 .
x= +55x + 600, m and n

Thus, if (x + m)(x + n)

*101 | will zontain only 2's, 3's and __ 's as factors. 5iz

The fact that m + n, which equals 55, 1is odd :
#102 | means that m and n _________ both be even or zannot
" | voth be odd. can, cannot

Therefore, the three 2's must &ll be in the same

factor.

&

60L

O
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5, and since we

and n, it

is evident that 5 must be a factor of both m and n.

We have decided that either m or n must have Ej as

a factor. Moreover, m and n each have 5 as a factor.

for either m or n.

s

or m = 23 . and n = .
In either case mn= _ .
Since m + n must equal 55 e chose the pair
S R,
. 2 -
Thus, x + 55x + 600 = __ s
Factor:
2 _ -
a” - 2la + 108
=] =
a~ + 25a - 600
17-2, Factoring by Inspection, Continued
As we have observed: =
(r=x + m){(sx +n) = __ x5+ (3n + ms)x + mn
If we wish to factor a guadratic polynomial over the
integers we may work with this pattern.
In the last section, we factored such polynomials as
2 ) 2 . 2 _
x= + Slx + 20, x° = 5x + 5, x= - Tx + 12. These
=]
=

]

O
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A quadratic polynomial having =1 as the coefficient of x°, offers

no diiTiEuity,

1t

W

=

(]

1

Sl

1

Y

)
3

6

- )
” 12,

If we wish to factor this

Z

polynomial, it is helpful

=
%
[:

=
[
v
o~
]

‘w.
"

]
—
2
+

-

(]
[
il
—

Factor if' possible
2 )
-x = lix = 12
2
L2 = 1% = %
2 )
=X + 2% + L2
2 _
xT = Tx + 12
g
T+ 3t + 2 I
o .
2t + 66 + b c

In Item 11, you mav have noticed that

2

22 Gt b2t ).

IT you did, then ﬁau saw that the complete factor-

ization could be found by factoring 4

which. you did in Item 10.

:

- Eté + &t + 4 =

=
S43t4g,

Thus

[k
—
[~y
+
"
fag
+
2%
et

If you did nnkgzmcééd_ﬁhiz way, you cauld have found

N

2+ bt o+ b s

In completing Item L1k

Ay Ao
£t o+ 2

terms in

——
I
ot

+
W]
et

—

-
S

o Nz r2)

vou used the fact that the

have the romm.n factor _

LA L]

603

210

- )
(%" + x = 12)

) (x = 1)

A(x+B)(x -3)

-ixv12jix+1)
= xF12)x=1)
not fanterable
‘x =3 x-4)
it 2)t+ 1)

ple+ 235+ 1)

2t42 43t +2)

o e 2 £ 1)

t + 2

olt+ 1)t +2)

2



£t .
You might also have found the complete factorization of
= N B
2t + 6t + L' in these steps:
(t + 1)(2t + 4)
2( )¢ )

Comparing Items 13, 15, and 17, we see {of coursel)

Efz + 6t + 4

17

the same complete lactorization. We also see--this
is the important point--that in factoring

2t '+ 6t + L the simplest method is to recognize

first the common factor 2.

The preceding example illustrates twe important ideas:

1) In tactoring an indicated sum, it is wise to begin by seeing
a " 2 3 : - .

2) It ax” +bx +c = (rx + m)(ex + n), and if the terms in

rx + m have a common factor, then so do the terms in

r
[

ax  + bx + c. -

=]
Factor completely: 7x° + lbx + 7.

18 7%= + lhﬁ + 7 o=

B pnl
Try this one: 2x° + 7x + 3.

i.

19 Ir this casze the terms

factor.

—— —

Aifgﬁéu céﬁﬁieteé the last itemicéfrectlyg you

observed that it was necessary to find integers r; s,

B #
m, n such that

(rx + m)(sx +n) EIE + Tx + 3.

You may have observed that when you write

21 |(rx +'m)(sx + n) -as a sum the first term is __ %=,

60k

O
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24

25

\\

Thus you could conclude: rs = . The factors
you are seeking have the form:
(2x + m){x + n).
Also you could have noted: mn must be .
You thus may have simply tried ocut
(2x + 1){(x + 3)
(2x + 3)(x + 1)

since these are the only possibilities.

. . N
From which of these produczts do you obtain 2x"+7x+37%

17

[}
o

(2x+ 1)(x+3)

Which of the following senténces is correct?
[A]

[B] 2x° +

LM
_u
th
L
\[;:14
+
Lo
~—
—
e
+
i
R

¥ o+ 5x +

143
[h]
W

L)
[
(1]
——
\D:J‘
1
[
e
——
e
I
—
L

X +

[c] 2x® + 5%+ 5= (2x + 1)(x + 3)

The correct respomse is [A].

If rossitle, factor. If not, write "not factorable".

a2 H

38" = ha .+ 7 o
)
2x° + Tx +73 - _

3
Note that in the polynor al 2x° + 9x + 3,

(38+7)(a 1)

(3aiTMav1)

-(3a+7Ha~1)

not Pactorable

the maximum sum of the

inside and outside products that can be cbtained is 7, which is less

than 9.
Let us try another example. Suppose we wish to factor éxg + 19x + 10,

We want, then, to find integers

ERIC

Aruitoxt provided by Eic:

r, 5, my n such that

(rx + m)(sx + n) = 6x + 19x + 10.



We can compare our palyﬁémiél with the pattéfn:

(rx + m)(sx + n) = T8X° + (n}¥ms);c+mn
| Voo

6x= + 19 x+ 10

30 |We note that rs = _and mn=____ .

31 |The factorizations of 6 are 6°  and __ *

32 |The fectorizations of 10 are __ 1 and __ - .

We can list all the possibilities we need to test:

1) {x + 1)(6x + 10)

2) (x+2)(6x +5)

3) (x +5)(6x + 2)

L) (x + 10)(6x + 1)

5) (2x + 1)(3x + 10)

6) (2x + 2)(3x + 5)

7) (2x +5)(3x + 2) e

8) (2x + 10)(3x + 1) .

0. Therefore; we need only

ml
e

Note that in each case rs = 6 and mn =
select the pal? of factors which gives us (rn + ms) = 19. We determine
that this is true only for case (7).

Tryimg out each case 1s tedious. Can ve eliminate any cases without

actually testingg

£

. |In 8), we observe that the first factor, (2x + 10),
33 Jcan be written as __ (x +5). Thus 8) 1is not e
possibility, because if it were; 2 would be & factor

of each term of the original polynomial.

Likewise in 6) we Bee that the first factor,

3L |2x + 2, can be written as __+ Using the same
reasoning we can eliminate this case as a possibility.
Using the Eame‘reasaning;!we can also eliminate two

« 35 |others; qemely __ _ _and __ _ .

2

Having ruled ocut some entries in ou? 1ist, we can test

the rest.

S : 606 |
%;%Kx"';;. : ,:Sﬂﬁglg _ .

O
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36 |We find: 6x° +19x +10= .

Factoring by inspection is really only a matter of trial and error.
You do not need to list or try out all the possibilities. Stop when you
have found a product which does yield the given sum. '

Let's try anocther: Factor Bxg = 2x = 21.

37 |The terms ___ have a common factor.
do,do not

We mugt find integers r, s, m, n such that

(rx + m)(ex + n) = 3x° - 2x - 21,
38 |The constamt in our polynomial is _ . Hence one of
the numbers m and n must be positive and the

LO |We can factor 3 in only one way: 3= __ .

41 |We can factor 21 in two ways: _and ____ .

Recall that we do not need to test .(3x = 3)(x + 7),
because the terms in 3x - 3 have a common factor;

42 |namely .

L3 [3x% - 2x - 21 = ( ) )
Fetors -
Wy |wyPeosy-6-__
155 x2+hx-32; o
u6 8%+ 108 - 3=

——— --Here-is—an{optional) example in which the prime factorizations of the

- coefficients are helpful. You may wish to try completing Item *5L at once,

or you may prefer to go directly through Items *47 to *Shk. (If you wish

to pmit the starred items, go to Item 56€.) _ :
’ ]

<14

607 -



Factor ESIE - bsx - 36.
*47 We have as prime factorizations: &5 = - 52
*4B8 |and 36 = . ) 22 ‘32 ’
*L9 |The sum of the inside and outside products is __ . -5
. Since U5 1is a multiple of 5, -and sines we have
two 5's to put somewhere, both the inside and the
#50 |outside products will contain __ ag a factor. 5
«- |This suggests trying:
S
L] N _ B
*51 Eﬁxg - L5x - 36 = (_ X + samething)( . x+ Eaméthing) 5, 5
Since L5 1is also a multiple of 3, we also expect
to find that 3, which occurs twice as a factor of
36, 1is a factor of both the ingide and the outside —
F
. 0 which tells us that the 2's. odd
E 2
*53 __be in both inside and cutside products. cannot
We have thus eliminated all possibilities except.
(5x + 12)(5% - 3)
. (5% - 12)(5x + 3) . _
*5h  |We find: 25x° - 5x - 36 = () ). ‘ (5x-12)(5%+3
Factor:
%55 6x +Tx - 24 =
#56 Can the quadratic palym:mial Exg +ax +b be factared if a 'is
even and b 1is odd? v N o

n@n& in the mtm te;-m "‘mez‘éfgra, either the insiig_pmﬂn

Ttms s the gum qi‘ 'EhE inside and cmtsiae prs:ducts will be gcii—
The answer is - [B]. -n

O
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not forget that some polynomial-

17-2

Although this section has emphasized factoring by inspection, you should

an be recognized ms perfeet squares and

othere as the difference of two . juares. In the following list of examples

you will find occasions to use all the methods we have studied.

51
58

73

(3x +2)2
(3a+2)(3a-1)
, 3a(3a+1) ,
9(62 + 1)

"3x-3)(ln-5)

#

19% - 6 + Tx2 =

ox% + 1ex + b=

952 + 3a = 2 = —

- - &!L
9a” + 3a = __

QEE +9 = L

12x% - 51x + bg = __ _

72 71 77! 7777 i o T -
10%™ + b3x + 45 =

10%° - 69x - 45

23a - ba® =

i

%)

. 3x° + 17x _ (Laution)

20" + 2083 + 5082 -
232 + 158 + 25 = o .
?E - 16 = V

(5x49)(2x+5)
(2x-15)(5x+3)
~ ~(ka-1)(a+8)
“{3x+1)(x-6).
(Tx-2)(x+3)
(p+ P
(5x - 7%)8
202(a + 5)°
(28+5)(a5)
(v -4)(w+h)
(x -1)(x+7)

(x+3)%-16="0

In much of this section we have considered quadratic polynomials. How-

.ever, the ideas we have developed can be applied in certain other cases.

25 = 523 - 14 is not a quadratie polynomial. Howvever,

if we write ) o _
2 523 . e (232 - 5(23) -

U]

we are able to factor the expression.

25 - 523 =1k = ( I ).

oo RAU

b (Bie)edn)
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7L la” - 138 + 36 _ [Hint: Your rinal result

~ should cowbedy four factors. )
> ,

6 |y - 81 "{:Yg*?)ﬁfﬂ)&rji”
{ : ——

"We have been factoring polynomials over the integers. DNow let us

2o,

This is not a polynomial over the integers. Howvever, wé can factor this’

consider the polynomial

polynonial, using familiar ideas.

e may write Xt E:nc + az the indicated rroduct

s

]

of & rational numter and a .polynomial over the -~

integers. Thus, .

4—:5 =
+
L‘IJT
-
T o
h
L
I,
+
xmm
.
F i
¥

—~l
=
]
Fi=
Mt

The advantage of this is that we know how to factor
] .
. }:; + 5}( = f’—;! ) ) s

N 5 .3 12, oo
Therefore v« * fx * 5 = ¥ + 5% L)
- : [ - "

75 ’ s A %(x*é)':x* 3.

Here is another example:
—— 17 =
i 2%

=

"wi'rw:ﬂ‘
13

=
it

. o p

]
Dw
1]
H )
3!

5

SO0 L) Tlaxsa){axn)

W2
=
i
= .
e
——
Mot
—

L . - . 7

Notice in Item S0, ipat 12 is the least common
7 i

i

ol
N

denominator of the __ = of* the polynomial’ coefficients




3

Here, as lLefore, we rirst wrote the polynomial as the product ol a

'fa§;@gg; number and a polynomial over the integers; then we factored the

polynomial over the integers.

L Y
- - - = 3 = = = - e _— S
Let us examine one more exnmple. Consider
- 1
y LR L,
T [
Lo R N i -
o g
89 Ao omog i
: Lo )
| 3
, L 2 . .
8L fUntortunately, x° + ix + 1 be factored
LA J over the integers’

When you try to ractor (x°

there are no integers m and n

(x fm)(x +n) = x° +

. Notice that it

+ 3% + 1)

here weres such integers

such that -~

x +

it
=

m and n,

over the integers

then mn

FEE 3x4 1)

cannot.

you find that

wouTd be 1.

Hence the only pussibil lt;eﬁ yau need to test are (x + l)(x + l) and

(x - I)(x - 1).

term.

You ‘might wonder whether you can find rational numbers

* which -

(x + m)(x + n) - x°

This might lead you to try out such products as

ICERICE —=)

and the like.

factﬂrlﬂg when you have more rumberz to chooze from.

cannot fini ratione. values

From n21ther product do you obtain 3x

That 'is, you

for m and n.

?

+ oax + 1.

m and

t'or the mijddle

n for

(x + =X x + 2), and
=4 -
might expect more chance of
it turns out that you

EbLyanials which cannot be

factored over tne Lﬂtégere will be dif:scussed in more detail in the next

section.

"

2
I 2
86. '[&t3 - 3% + g -

¥

ERIC
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femt
xes

1
E(tsé){t h)
%t,(tse)(t k)
t%{x + E)g
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8
89

90

Wl
H
é?
[
+
o
]
H
o

1 =0
If you had trouble with Item 91, complete Items 92
to 4. If nmot, go to Item 95.
Gy Moy )
Hence the open sentence

Eyg +y-1=0

g2’ SyE +y -1

is equivalent to the sentence
93 ’ 3y -1=0 or ______.

gk The solution set of this compound sentence is ] ) .

Solve - -
% |8x*+1x-3=0
96 912 = hx —
(Hint: Begin by writing 9x° - hx = 0.]
_ 2 .
97 |¥y° -13y+36=0 L
~1 _

+»
.

% = hslg

ERIC
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over the

quadrati.;

our Jdiscussion will sti

int

(x - 2)(x - &)

integers

b 2w = Beoxt o+
v VLT = U

- |

x -5

15 & polynomial, but its degree is 1 so it is not

a8 quadratic polynomial. };E + Ixf -:"*j"l iSZiGt & polynomial,

since it involves |x|. You'should have chosen [0].
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not restriet ourselves to factorizations

+
.

o

[i§

"
S
|
[

i it as a complete factorization of 2x + 3x.

:entences

-3
[ +E-’3.}.i+t“;277”
- .
L 8% - Pab + DT =

In factoring polynomials over the resal numbers w

ratterns.

(a + 5)2 :

(a - )2 _

/e can apply these



difference

%, 15 not

72 MUSE

can . .
19 difference

(x+ /B)(x- /B).

I
—

(BF=¢

()2 = 11

Y2 is s non-negative real number, spproximately 1.7324

1.32

-k 1= negative and hence is not the sgquare of & z'eal"mbér} o

Yeoru sheuld kave chosen [DI.

=

Any non-negative real number is the square of a real number. On the

H
I
m‘
—
[l
i
H

v
other hand, no negative real number is the square of a

oo
LW
L

615 B
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over the real numters:

clear nhow we may Ifactor a polynomial such as x -

- o= (x+V2)x - VR), (c20).

[
Wt

P
-
"

[N
Al

a

It

2
o _ (=
ince &

[

=

we have

Similarly:

X+ 2Yix + 3 = x

+ Z2ab + b
x= + 2/3x +

xg + 4{%& +

calynomial.
2

2

20 = | )2,

O

ERIC

Aruitoxt provided by Eic:

(y+/23)(y-¥23)
(2x+ 2)(2x-2)
(Y3w2)(V3w-2)

not factorable

I



asked to factor

Suppose we wish to factor the polynomial xg + Lx - 2,

integers m; n such that

30

31

x4+ bx - 2= (x+m)x+n).

2 ___ factorable over
Zis; is noty

If we were

this polynomial over the integers we might look for

In trying to factor x~ + Ux - 2 over the integers, we might have

preferred to try completing the square. Do this. Then complete Item 33.

32

i3

35
36

37

xg + bx - 2

(x + 2)° -

There is no integer whose square is 6. Herce again
=]

we would conclude: x~ + Lbx - 2 1is not factorable

over the _ .

Suppose, however, that we wish to factor- IE + hx - 2

gver the real numbers.

Since ( 22 = 6, we see that
x* +lbx - 2= (x+2)° - (/8)

We have factored x© + bx - 2 over the _____ mumbers.

Suppose you are asked to factor xg - 6x + 8 over
the real numbers. '

You might still wish to check first whether you can
factor xg - 6x + B over the integers.

0 ).

We have factored x- - 6x + B over the integers, but

It 1s easy to see that X2 - 6x + 8

of course when we are factoring over the integers we

are also factoring over the real numbers.

If you are asked, then, to factor a gquadratic polynomial

-

over theé real

numbers you may beiin, if you like; by tryilng to factor it b} inspection.

ERIC

Aruitoxt provided by Eic:
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= }:g - e oo o (‘-; - fu o+ ) - + & 9, 9 ] .
3 R LR (x-3)% - (+3)2

I e G (x-2+5)(x-2-5)
ke |y +e2y-3=(__ ) ) @-'Fl*v‘ﬁ)@%l-i?

e I )( ) (z-4)® [D1a we
fool youll

be Ja-6a+ 2= ) ) : (a-3+/8)(a-3-;

Consider x° - bx + 6 = x° - bx + 4 = 4 + 6

=
W
It

L6 | This last is not the difference of two

=] _ .
In fact, x~ - bx + 6 1is not faciorable over the
real numbers.

32

L7 | Recalling that (a + b)" =a“+ ___ + 1%, 2ab,

2 \2 -
by | vS+y+__ =yt ) p (v +3

Angwers are on page ¥ix.
. 2
50, 52. % -5x -2
3l ¥y vy =3 3.y vy - L

(AW
i

W,

ERIC
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i

W

uJr

T
D

fen

T

T
[¥a

;'; o
< lx) -

1‘ wz“ - - =
- w) o= Z
A2

R

- adding b

as adding

[Te]

‘let us summarize the sters in

2

factoring

o

the square.

when

] - 2
ox© + dx + 3= 2(x° + bhx) + 3

I [
%] i
P
o .
Iy
+
fo
B

[

=
L

Unee again, we find tha

we wish to solve equations.

Qan
)

63

Athe solution set .

a” - Lka + 1 = Q.

square, we write the equivalent equation.

t

(a - ) -( .o

have: (a-2-V3)a-2+Y2) . .

Thus weo
The equivalent

This sentence, and hence the orlginal Equatiaﬁ, haz

2x" + Bx + 3 by

-8

olx + 2)°%- 5

completing




o
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Solve:

+hx-2=0 (-2-¥8, :2+/8)
If you have trouble, refer to :
Items 33 to 35.]

65 ba + 15 = 0 ) 9

the equivalent egustion

=
ri)é
i

Notice that in completing Item 65 vou find

a3 N
(a - 2)° +11 = 0. Since 11 is positive end (a - is non-negative for

all real values of &, their sum is greater than 0 for all real values of a.

In the course of this section we have found:

(x + 2)2' -

]
™

bx - (Ttem 32)

6x
xg = Lx
5x

ag*ax

Nétiee that in each

form axE + bx + c.

Lo i, [

3
=4

il

il

(x - 3)%
(x - 2)?
(x - %)E

=]
2(x + 2)°

]
o

+ 2

3

(Ttem 39)
(Item Us)
(Ttem 52)

(Ttem 59)

of these instances we began with a polynomial of the

We were able to write this polynomisl in the form

a(x - h)g + k. *

Thus we observe the pattern:

&2*834

]

2(x +2)% + (-5)

66

‘2

ax

We observe that

'

|

+ bx + ¢

k

corfresponds

a(x -

to

2

h)< + k

and that

67 | b corresponds to . ’ -2

By now you should realize that every quadratic polynomial can be written
in the form f
a(x - h)° + k.
This is sometimes called the standard form of a’ quadratic polynomial.
Notice that writing a quadratic polynmomial in stendard form isrréally
only an application of completing the square.

) 620
L2

O
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-1
[

The

o =
® = [

Write in standard

If you nad troutl

and L.

Items 75

hx + 5 = o
2 | !
= 3(x ?%x+9);__é+5
0
E ] 7 éii‘-‘
' ! 621

(x + 2)2 + 4
(ﬁg—)? -2
(-p®
(x+1)2+ b

(=% + 2x - 3)
~b
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17-4

17-4. Quadratic Equations .

An equation of the form 3;2 + bx + ¢ = 0, where 3 f 0, 1is called

8 guadratic equation.

a

“Bolve the following quadratic equations. o
1|axfF-6=0 .
2 yg -by-7=0 ,,
(Hint: Complete the square.]
3 [ef-6a+3=0 _
L W2 = 5 - 2w —
~ [Hint: Rewrite in the form ex® + bx + ¢ = 0.]
5 | x%-12x+40=0 -
6 x° + 5x - 1k = 0 B o

Notice that the equatigns in Items 2, 3, 4, 5 involve polynomials
which cannot be factored over the integers. In these equations completing
the square 1s indicated. In Item 6, you might have used completing the
square, or you might have factored the ;alyngmial'by inspection.

Consider the quaiféticiééﬁaﬁigﬁﬁr -
2+3x-1=0. )

2,

3x -1 _____ be factored

2%
The polynomial 2x L
) ean

over the integers. ’

However, we can solve this equation by completing the
square. In order to do so, we begin by recognizing
that

Exg + 3x

op= -

8 ) xg + -

are equivalent equations.
(We obtain the second equaticn by multinlying both
9. | sidee of the first by )
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]
[

We have: 2x" + 3x -

Uy,
-

=
=
-
+
L]
oo
&
L}
n
DT
i
L]

Eame?
B
o
Lo
R
[N
I
Eame
ot
[h ]
I
Le]

le

[y
4+
i
-+
=
o
|
L]
L]

1k

From-this chain of equivalent eguations we can
conclude: the truth set of Exg'+_33 -1=0 is

If you had trouble with Items 10 to 15 do Items 16 to 2k. If not,
go to Item 5. R

i T
B

éﬁpgégé we wigiiiéfc@mplete the followling: -
X+ e+ = ( )2,
16 | We must add to the left side the square of _
the coefficient of x. ]
- {13y L ; (3)2 -
17 | HD - , end (D7 .
5 2.3 .9 _ 2
18 AT S S
’ e o -1
- You should verify for yourself that (x + %) =
X2 + %ﬁ + f%* 7
ehad x°+2x-%=0 (Item8),
Using the method of completing the square, we write:
19 (x'+%x+_ )ilﬁgéégoi
20 | Since we added "1?6’ ve also . %

ERIC
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[N
-3

29
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1
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Item 13, when comrleted, reads:

This is the ol two s

Hence it can bte factored. JOne factor is the sum

o
—i
-

The other factor is

nd

Jul
=

]

x + and zi

i o

V17
. +
Now go through Items 10 to 15 again.

understand each step.

Be sure you

) o,

N -
Consider the guadratic equation 2x~ + kx - 3 = 0,

We apply the method of the preceding example.

Again the first step is to multiply both sides of

equation by _~ .
¥

H

We obtain

F Lo comprlete the salﬁ%ién

. H
15 .

If you had trouble, do Items

~ Ttem 38.

Tor yourse'.f. The truth

If not, go to

I

-

We want to solve

L] i

difference

difference’
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IL’titf.;e that /% = 1/'§

<
ol

W
|

30

Thus (x +1)°

3L | may ve written (x + 1)< - isygili 0.

(YA
W
P
1]
i

1]

3

) ) 0.
32 | We then nave: (x + 1 + E2)(x

This last sentence is egquivalent to

[}
Lol

i33 ' x+ 1+ ;%é =0 . x+*1-

which is

3Ll‘ X = =] = = or X =

.35 -1 o -

36 | Likewise, . L5 e

- 37 | The truth set of 2¢x° + Lx - 3 =10

L]
)
R
L

+
[
»

]

-

i
2y
.
]

I *

-

Al
L
M
L}
b
b
+
»
e
L]
il
pe
|
]

£
~
1 _i '
! ' i )
-+ .
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In this section we have solved several quadratic éqﬁati@ns ; ineluding:

% = [

. " Equation . ' Truth set  .° "
2%~ <6 =0 /3, -3} N © (Ttem 1)
«-lex+h0=0 - . p (Ttem 5)
I e XE + 53{ = 1LI‘ =0 N ' ‘[57521 ! (item 6) 3

i_ Exg'ﬂ-Sxel;’O-

[iﬁ"/ﬁ, =2 1 7*] - (_Item 1§’f )

#

M 33{2 +6x -1 =0 (=3 532;{3, “"'537%%6] (It_ém" 38)
YoxP 6x-+10 = O ' p + (Item 39)

Each of thesg-equations has the general form

Oi ' - =
)

| For example, we recognize that E‘xg +3x =1
4o ! has this form, and}jha.t a=__ _,b=__ ,c

* .ax + bx + ¢

L3

1]
Le

It

Notice that in each/of the equations the coefficent

of xg is different from O,

We have called an-equation of the form ax® +bx +c =0,

41 |vhere a £0, a __ ééuatiqni

You may find that you can factor the polyhomial axg + bx + ¢. by inspection. A
g . * N 5, )

On the other hand, this may not be possible. However, you ean always apply
* the method of completing the square.

Let us apply the method of completing the square to
solving axg +bx+¢ =0,

¥ .
- | (Hemember, a, b, ¢ are real numbers and a £ 0.)

e may write the chain of equivalent equations:

+
i
(=]

b
o
43 S O R

B e
I
L

"- -_ . ,525 . = A ; ,.‘i,

~ e 233
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e e =— =

Ly (x + -
L a

45 | Note that we have used the fact that (é%)g =___ .

(If you had trouble with any of these items look back
at Items 8 to 2k, vhere the steps for solving

2x2 + 3x - 1 = 0 are shown in detail.)

In Item Wk, we obtained the equation .

. 2 ]
(i + IL)E - 2=+ =0,
\ 28 Lg®™ - a

Md
I

We know that the difference of two sguares can be factorsd. Thus we would

' R 2
(x+1)9_b_E+L
2 La= a

as the difference of two squares.

like to write

In order to do this, we first write
bE

A

as & single fraction. ’

L6 SR P - R
a

Thus we can rewrite the equation in Item Lk:

L7

oo
La -
bl

O

ERIC
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. original equation is not a quadratic equation.) Thus we see:

el

17-4

We ecan factor

[y

&

1 PR
( b)E b< - kac
xt =T
2a ‘ a2
as the difference of two squares if and only if
b° - bac

La”

is the square of a real number. We recall that every non-negative real
number is the square of a real number. We recall also that no negative real
number is the square of a real number. Thus whether or not we can factor
(x+1)2_b2-_‘+ac
2w 4a®
) b?elag

depends on vhether or not 5
. Laf

hag >0 for ell real values of a except 0. (If a = 0, the

is non-negative.

non-negative if and only if be - bac > 0.

N -2 L.
If b° - bac >0, then so is Eszigigg;
- ha

is the square of a non-

b2 - lac
&

negative real number, and

48

]
P o
-
+
jor
o
'
o
f ]‘I\ '
1S
18
I
e

4? as (x + 5

We see thet we have the difference of two squares.

Hence we have:

50 , (x+2.&

[}
l
R
i
- O‘

NN 6 = T A



L b
x T Za

The truth set of

" We have seen that

2y2 p? - hac
Za ka

and {(x + ¢

are equivalent equations. If b~ - lac > 0 they both have the truth set
. =b ivlg' be = bae  -b - jgg =~ lac ‘

! 2a 2 28

What is the situdtion if bE - bac = 07
a # 0, and hence La® > 0.

2
In this case, Eff—% is negative, and hence

i HT-Y . ‘

k% |
[y
]
o
B
ey
]
oy L
]

i
Notice that for every real value of X,

(x+%)226

is a true sentence.

Hence for every real value of x the sum of (x + ;%)2
= =

53 | and & positive number is

e o positive
{positive,negative) ' -

[=]
Sy =

We may conclude: If b~ - dac < 0, then there is
no real value of x for which

= 0

. +2 _ Lac
(x + )2 . Bosac

s i Za * . La”

is a true sentence.

o ] v b7 =lac -,

When b° - lhac <0, the truth set of (x’+%)= ?%593

"and hence of the equivalent sentence ax® +bx + ¢ = O,

S U S

O
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Although the work in;Ttems L2 to 55 may have seemed difficult to you,
yau should reeagnise easlly that it is simply = generalizatian of our
méthad of solving quadratics, -

Wé may summarize‘

1) An equation of the form axg +bx+e =0,
355 when a £ 0, isa _ __ equation.
2) By éampleting the square, we.can find:

Ir b - bae > 0, then the solutions of

the equation are:

-b - :;?4, hac 4 b+ 2 _ hae
Za N 2t
. Ir b° - hac < 0, then the solution set of the

56 | equation is .

] In 2), we have expressions for the solutions of the quadratie équatign
ax® +bx +c =0 in terms of the coefficients, in the case where b-- hac =0
These expressions for the solutions are often referred to as the guadratic
:afmu;g_ 3

{

In Brder ta show an Epplicatian of the quadratic fcrmul

we will use it to salve the equation Exg +3x-1=0,

| (This equation was solved by ancther method in Items 7
.| to 15.) )

Thg equation Exg +3x =1=0 1is of the form

57 | ax® + bx + ¢ = 0, vhere =

1]
]

s b=__ e .

58 |v% - hac= ()2 ) )=17

59 | Since b2 hac >_ .,

the equation has solutions of the form:

ERIC
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_in Ttem 13.

and i_h—El— t ’/f? -/

You should verify that this is the solution we found

It 15 of the form ax> + bx +

6L |a=__, 01

;Girr.

For- this equation,

64 |1s ___ , since be - - bac <

Cansidér the quadratic equatian xg -

b - hac = ( __

c, with

We may cﬂnclude that the truth set of this equation

0.

Note that this is_the result obtained in Itém Lo.

Ly

it to solve the equations in Items

5, 6, 38, 39.

If you wish, you may practice applying the quadratic formula by using

Let us conclude this section with some problems wi.ich lead to

quadrdtic equations.

4.

The
the

Tet

square af a number is T'

number. .

n represent the number.

~reater than % thves

What is the number?

66

6
68

ERIC
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An open sentence is:

We see that, L -
n® & 7 + 6n - T
2 , ' b

h" =6n-=17-= .

0 - 6n - 7
tg solve 1t, you could try to factor the p@lyngm;aL

-0 1s a quadratic equation. In order

-6n -7 by inspectian.
2 o1

Hence the truth get of ng -6n=-7=0
Recall that as a final step you should check in the

original problem. .

oo
e

J B

631

n? ¢ 7.4 6n

(n = 7n +1),

{7, -1}




Do both the numbers 7, -1 fit the driginal problem?

(yes,no)
70 | Note that this problem has - solutions.

how many

7

In this éxgmple, we were able to solve the quadratic equation n° - 6n - T
by factoring ng - 6n - 7 by inspection. You might have preferred to use
'~ the method of completing ihénsqua;e in solving this equation. If‘y@u:had
wished to familiarize yourself with the quadratic formula you would have
chosen to solve the quadratic equation by this method. '

The lengthiéf & reataﬁgié igiuéf inches more than its

w#idth. Its area is &4k square inches. Find the
width, T
Solve this problem. Then use your work to complete
the items below.

If w represents the width in inches of the rectangle,
71 | an appropriate open sentence is: _ - = 8k,
| Dince w represents the width in inches of a i
rectangle, we should consider as domain of this open .

sentence the set of positive real numbers.

-1
[
il
-

4n equivalent open gentence is

[

4
[}

L]

The truth set of the equation wg + 5w is

3 -

Only one of the numbers 7, -12 is positive. Hence

only one value for the wi&ths=némély, e inches--

-]
i)

satisfies the céﬁditicns of the problem.
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and ‘Review
In this chapter we have been particularly concerned with quadratic
polynomials--that 1s, polynomials of the form ax® + bx + e, where a # 0.
If a, b, ¢ are integerd, .then ax® +bx +c s polynomial over

"the integers, and {t is often useful to ask whether the polynomial can be
factored over the integers.
- We recall that a first step in faetoring a polynomial is to see

vhether each term has a ccmmon factor. If so, we canm apply the distributive
property directly. _
In order to factor axg + bx + ¢ over the integers by inspection, we
ook for integers r, &, m, n such that

{rx + m)(sx + n) = ax® + bx + c.

m
m\
[l
=

[, we need only find integers m and 1n such that
(x + m)(x + n) = xg + bx + ¢,
We recall that_the method of completing the square may also be used in
finding a factﬂrisatian over the integers of a polynomial of the form
xg + bk + ¢ . :
Ve have observed that in factaring a guadratic p@lynamial over the real
‘mumbers the method of gampLeting thé square also applies.
‘e have seen that every quadratz.t: polynomial aace + bpx + ¢ can be
" written in the form )
E’Z.T A a(x - n)% + k.
We have 8180 seen that we can find the solution set for every
quadratic equation ) '
A ax> + bx+c=0 (afo0f
by completing the square. (We may find that the solution set 1s the null
set.) If we apply the method of completing the square tc the equation
é#g +bx +' e =0, ve canobtain a general formula, the quadratic formula,
. vwhich gives complete information about the solution set of the qugdrgtic '
Equatian in terms of a, b, c. ’

3

Use the distributive praperty to factér (if passible)
each crxthe following polynomials over the integers.

]

[

3 | (6:%)x - (6r%8)y = ____
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i 6p < 129 + 30 -

L
a
kel
X
-
Com
i)
C o+
\w\
i
m

6(p - 20+ 5)

7| cennot be
© Tactored

Which of the following is

I,

[B] iExEyg - 2xty®

- 2
[A] ;ij = L = (jy +

[c] alc +4d) -ble +4) = (a- b)(c +d)

not a correct factorization?
2)(3y - 2)

3
(3x - ay)xy"

D) % - 15x + 25 = (x - 5)°
Since (x - 5)% = (x - 5)}(x - 5)

om0k 4 2,
[D] 1s the proper choice.

on page XX.

(}
.

To (x+3)% = ____
8, ( -2)
Be (x e /27 =

—
o
—

jd
>
g
b
I

Write “he renult of performing the maltiplicatirns. Answers are

12. ((ﬁ - 1) + ﬁ)((x - 1) - g) L
13, (100 + 1)8 =
W (2x - 3y)8 =

. . 3
15, {38 + M)F =

are on pafe XX.

) ) - . .
Factor each of the following uver the integers if possible. Answers

[
i

2., r3 + 35t + 3rt

= Lt = hx + bx

"
»

8 + Gab + L2m

my
=3
o~
=
Fil
+

2 2
0a" b + S0ab”

it
]
ro
]
T
-
W

231!
634 S ’
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27.

a2+ Ba + 64

Factor over the real numbers. Ansvers are on page xx.

2 2

n~ = 10n + 2L 3k. &~ - 20a + 64

16a - 64

22 - 2z + 18 - 35. a°
%2+ Tx =12 36.
sxg - hx + 12 » 37. h™ =1
§xE +x + 12

38, 10a + 39 + a

ag = 16a + 6L 39. 533 - 1532 + 30a

E?ctar over thé real numbers. 7 o )
bl | 6x% - 1bkx - 150 = .
42 1ex? + 60x + 150 = ,,

';!?‘:J: Lh :
?f

"

c6x% + Bx + 150 =
6x° - 87x + 150 = _
iéxE*EBxslioi—:f _

*46
*y7
|48
* }*9

'éxg + Tx - 24 =

Sometimes we find that our knowledge afiprime factor-

izatione of the integers helps us factor a polynomial
by inspection over the integers. The following

polynomials can be factored over the integers. Find
the factorization. '
6x= - Blx + 1
+ 65x +150=

Exg -

Write in the form a(x - h)é ; ;5.74747 )
%2 + 2x -2=( )2 z

xS # 8+ 3= _—

gxgasax!f;:i — -

'.($ + L)g‘?'S _:
(x+1)2. 13

2(x + 2)2 - 13
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Find the truth set of:

ag - 58 + S =0 _

2

xX“+6x=0

X =2x + 1

[Hint: Complete the square.]

512 +6x=-72=0

xS + 6 = Tx

[Hint: Rewrite in form ax° + bx + ¢ = 0.]

(x -~ 2)(x+1) =4 -

[Be cautious!]

—_— e

In each of. the following you are to translate the given situation
into an open sentence, find the truth set, and answer.the questions
asked. Remember, you should check by determining that the solution
cbtained satisfies all the conditions of the original problem.
Answers are shown on page xxi. .

The square of a number is 9 less than 10 times the number.

What is the number?

A rectangular bin iz 2 feet deep and the perimeter of its base
If the volume of the bin igs 70 cubic feet, what are

i

1s 2b feet.
the length and the width of the bin?

Two plywood panels, each of which cost 30 cents per square foot, -
were f@gnﬂ to pave the same area, although one of them was a sguaré
and the other a rectangle 6 inches longer than the square but t
only 3 inehés wide. What wefe the dimensions of the two panels?

If the length of & rectangle is 7 inches lcngef than its width

and if 1ts diagonal 1s 13 inches, how wide is the reetangle?

The altitude of a triangle is 3 inches shorter than its base, and

its area 1= 14 square inches; how long is the base of the triangle?

If the perimeter of a rectangle is

28 feet long and its area is
2k square feet, how long is the rectangle? '

ed3

]
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e

~67. -Starting from the same point Rosemary walked north at a certain

‘ constant rate;, while Lorraine walked west at a constant. rate which
was 1 m.p.-h. greater than that of Rasémary. If they were 5
miies\apart at the end of 1 hour, what was the walking raté of
each?. ’

i

find the numbers.

69. One number is § less than another, and their product is B8k,
P Find the numbers. ' ' '
.70. The product of two consecutive odd numbers iz 15 more than UL

times the smaller =mber. What are the numbers?

. TL. The sum of 14 times 4 number and the square of the number is

11. Find the number.

"68. The sum of two numbers is 15 &nd the sum of their squares is 137;

72. Find the truth set., (Answer is on page xxv.)
2 - . , . ) .
xX“+2/3x - 10=0 (Hint: Complete the square.,]

73. Prove: The square of an odd integer is odd.

*fh. FProve: If m is an odd integer, m“ - 1 is a multiple off 8.

The completed proofs are on page Xxv.
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T . . Chapter 18 ,
] ) . DIVIDING POLYNOMIALS; RATIONAL EXPRESSIONS

©18-1. " Division of Polynomials

In Chepter 16 we observed that every polynomial could be written in

. ecnm:n palyﬂdmia;l. fafm. You have had a great rlea.l a{pra;:tice in ﬂ-it;ng
praducts of polynomials in eamm:n pclmmial fa;‘m. : . = -
_ As you already know, division and multiplication gi,f%: closely related,
" It is natural to ask what ve can say about dividing polyndmfals.
o . . o . A
1 We can easﬂy qrerify that x° - 6x+ 8 = 20
** |The fact thet (x - 2)(x - 1) = %% - 6x+ 8 can be
verified by using the distributive prupérty “and other
prapertiés that are true for all real values of x,
Thus, in Item 1 you completed a sentéhce that iz true e
2 for.all __ . values of. x. .  real '\?’-‘g;;ﬁés
We know that if n, d, g are real numbers and d £0, then n+d=gq
means n = qd. This leads us to compare the statements '
x° - 6x+8=(x-2)(x-1U4)
(° - 6x+8) £ (x-4)=x-2 .
If x has the value of 7, them . ° .
T3 x° - 6x + 8 has the value
4 x - 4 has the value _____ , )
5 x -2 hast;hevalueﬁ_iil //\
~ 6 15=5+*3, ad 15+ 3 = . ’
If x is 0, then e,
K % - 6x+8 1is s 3
8 x-4 48, g
‘9 x-2 1s . !
é,' = )
L L) g‘! - 5
] . ‘g o -
o 639 , R
£ X - )
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ot (x* - 9)

10 J(-2)(=k) =__ ___,.andalso 3 (-4

We have verified that the stateme:t
'(xgi5x+3)%(x;k) -
11 |is true if x is 7 aend if x v _
12 |15 the statement
v (;(fi - F;}E F "u)j(u‘_ - ) —

.
7

true for gll real values ol

T b — [A] yes

3’612 remember that division by O

Y«;ﬁ should now understand that

WA

(x= - €x + 3) : (=

is

lace x by L4 in the statement, the

13 |x° -9

-y o

o
—
-
+
|
ot
N
|

is true for all real valuesz of x ex K

‘

}Ef; = ‘), + ( = )( =
eimply states that
0-uov = .,
We cannot write a corresponding stateme;t
— — . _ I

=( )
14 {Hence, for all real values of x exvept
15 Co(x" - 9) s (x - 3) .
16 Likewise, for all real velue: ol UL L

We have found:

;

¥

(%" - 6.+ 3) ¢ (= -1)

Ty
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In each of these statements we have written the guotient of two poly-

nomlals as a polynomial, Pause a moment to comsider the question: If we are

given any two polynomials, can thelr quotient be expressed as

19

20

22

23

26

ERIC
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The answer, as you should have decided, is "No".

|not the product of

Iz there a polynomial Q s=such that the product of thir

polynomial and x is x + 1 %
lere 15 no polynomial & such that

(x + 1)+ x

5

Q)

i

for all values of x except O.
Notice that x(2x +5) = _  +

x(x - 1) =

%

(x"+x - b)) = .

JIf Q@ is any ﬁ@lyncmia;, the product of x and 4 iz

& polynomial in which each term has the facter =,

not

-
ad
pu

S5ince x

©

a polynomial and =,

factor or 1, we ses that x + 1 is

=]

=

[N Y

(xg - %¥7+ 6) = (x -

k3
[l

—J
B
+
i

[Hint: Factor
(xg +5x=6) + (x-1) = ir £ /1.

(x* - 1) & (x-1) = _ir wf

=
Consider (x~ + 1) + (x - 1).

I

a factor of <" + 1.

We cannot find a polynomial which 1= egual tg

(;% + 1) + (x -,3) for all values of a exceyt 1,

Again we are reminded of familiar tacts about integc

bl

We ) find an integer g such that 29 = &g,

Consequently, we cannot write 29 + 6 as an inteper.

641 24

g polynomial?

no

cannot
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=i 1. . . l oo
_,3 1~ 57 L T
ot
1
e

[0

Ty

L1

1, = L -
G5 . s iZ tran the 2
dlvisor, '

An altevrntive e
no=oqld iy
iz
Ll = F =
T g ,
: _ <}
e o
L5 227 + =—

Considering nov 1({5 f’,’iwr: coe Ulat

L6 s 13xT+0

47 |Here the rerair

lecrs than the diviceor,

-]

48 |0 is a non-

Lo
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W W
LI B v

5L

55
56

61

We now turn to a simgle

Consider

Obviously, X o 5x +1=(x-5)x+ .

et us use
-2
N to represent x - 5x + 1,

D to represent x.

Then we observe that

o

x“ -5x+1={(x-535)x+1

has the form

vwhere Q is Xx

and R 1is .

We could also write

o =

which has the form
N R
7=9*5

In this example;_natice that N is of degree
and D is of degree _ .
The degree of R 1s 0, which is less than the

degree of D,

Of course, that example was easy. Try

et [ 0
(]
]

Surely, 2x~ - 6x +9 = 2x(x-3) + .

Here Q 1is ____and
R is .

The degree of R 1is ) .

In alternate form:
E -
2x” - 6x+9 o .. 0
x=-3 x-3

(i - 5)3 +1 %?:




O
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Notice that

1P
(A
T
b
]
12
“
[
|
K
B
Pt
¥
]
¥
[N ]
Mt

et
=
=
L]
-
[

63 |where

You should recall that the degree of the polynomial O

These examples show the similarity between the division of polynomnianlz

and the division of integers., In each case we wanted to divide &

N by a poiymomial L. We were able to find polynomials & and F  such that

and either R wars a polynomial with degree less than that of D or & war
In the next section you will learn a procedure which may be used, 1 you

are glven polynomialc in one varisble N and D, with D not 0, to find

Q@ and [ such that

N = QD+ R,

where K i: O or is of degree lesz than that of D, This process, you will

find, is analagous to "long division" for integers,
3 £ 24

i
]

[

5

[]

The division process requires repeated subtraction. Hence, we wil
clude this cection by practicing some subtraction of polynomials, You will
récall that in Section 16-1 we noted briefly +that it is sometimes useful to

write subtraction problems in vertical form.

Thus, (=3x" + x -

T

- 3% + 1) can be written:

From

subtract

]
Pt

+
[ i

%

6k =§;-i{;: + [J-3 (difference) .=§}:g + bx - 3

Again, from a” - 58° + 2a + 1

b

subtract a” + 7a° + 9a - 1

€5 — — ;I (difference -;123 - Ta + 1

T

645 P ;‘; '



18-1

66 C____ i:;rf;’f _J

Notice how we placed like powers of x 1in the same

columns.
. . _ 2 a
Fronm =3x - 5% - Tx + 2

subtract =3X T 2x

Set up the following in vertical form on your response sheet and perform
the indicated operation. Check your work with the work shown on page 1.

€6, Subtract 3&2 - 6a + 9 from 3&2 + Ta - 11,

[

3

6%. From 1233 - 11x° + 3 subtract 12x° + 6x + G,

=] . =]
70, Add 1hy® + By - 16 and -12y° + 3y.

71, From -6x + 8 subtract -6x - 1.

64— ., - -
LI :

: R |
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118-2. Division of Polynomials, Concluded

Iet N and D %be polynomials in one varisble, We are interested in

finding polynomials Q and R such that

{ = QD+ R
and either R is O or R has degree less than that of D.
We have already noted that this problem is similar to s familiar one

invelving integers, For example,

If we are given 2953 and 13 we can find the appropriate numbers, 227 and
2, by long division.
Examine carefully the long division process displayed below, Be sure you

understand how each step is written.

o
=,
I
‘H
UJ\

= 7 X
5 l
*

[V TN ]

13) +

The display shows that when we divide 2953 by 13

1 we obtain the quotient =, a&nd the
2 remainder .
=] _
3 Notice that 227 = 2 x 10° +[] x10+[] .

what we really do is to
~ from 2653.

or 2600. We then sub-

i

£y = . i
, 23
647 -
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Now let us look at m procedure for dividing the polynomisl
by the polynomial x - 3.

X -3 |2x +x-5 [|2&x+7
2x” - 6x = 2x(x - 3)

x-21 = T(x

—
Lagh
|
[ e |
1
o=,

= 2x(x - 3) + 7(x
= (2x + 7)(x - 3)

+
-

¥
(%]

1]

Thus: 2x

+
]
o

2x + T + —

L

In this example, we are dividing Exg +x -5 by

This division problem is written

-
E
iy
.
~
1
o+
Ly
r”.
L

fes
-
7
o
o
ct
.
3

il
[
fat
gl
I
-
»
]

we should write

Now multiply x - 3 by 2% and write

2 ax® - [
Now we subtract, and write
NI .
¥ =3 25" +x -5 2x
(subtract) g;? - 6x
10 o-u

We now repeat the steps of multiplying x - 3 by a
11 ] suitsble expression, and then ing.
Since the result of the last subtraction was 7x = 5,

we think:

ERIC

Aruitoxt provided by Eic:

Exg +x=5"




) Multiply the divisor x - 3 by 7 and write
1z Tx - 21 since 7( ) = Tx - 21. Tx - 3)
13 |} Finally, we obtain 16 when we subtract Tx .21
b | from . % - 5

When we have finished, our work looks like this:

2x + 7

PR

I
-
[
¥
f i e
S
o

15 | The quotient Q 1is =zeen to be - 2x + 7

16 | The remainder R is . 16

ol 25 PR
17 And ?ﬁ=,,, . 2§E+T+7I=:3

[§%]

Here is a brief summary of what we have done. To divide 2x~ + x - 5 by
2
A. Subtract a multiple of x - 3 to eliminate the x° term.

B. OSubtract another multiple of x - 3 to eliminate the x term.

The result of this last subtraction, 16, is of degree O, which is lower

than the degree of the divisor. Thus we have finished the division.

1 ) ) . ) 2 N -
’ On the response sheet try dividing 13 + 3x° - 3¥x - 10
by X - 5. Your first step looks like this:

18 X -5 X3 + 3% - 38 - 10 | [0 r x

We select x since when we subtract this multiple of
3,

X -5, we eliminate the term x

| Complete the problem on your response sheet and then

compare your work with that on page i.

The result of the preceding example shows that x - 5 1is a factor of
x> + 3x~ - 38x - 10, This is so because the remainder after division by
x=-5 1is O,

649

[\
i
-
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(¥

[
W

Iet us tr&iéﬁaiﬁér

se .sheet divide

Compare your

[
=

my
M

ve diucusved,.

divieions on scerateh paper uzing

T
bl

X +

20

30

We could us

or that

3

3@+ 1

Notice that we could alszo have found the

X" - g

by fartoring

= 2% =

15.

quotient

You should not hasve guessed for the response above,

a multiple of x-5,

You

: 256 . . g

[E
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]
I

- Diviie x = - x .,
B o - X+3

3.2, 2 -
= ] o —m—
Xo=x +x=1 o)

,x}*- x3=¥ xgnrisl

o] .

1

he xg;hx%gfaég
3 Xo - 2x +5 + é%%

’Xl;);

R‘);’i‘v

*hio
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Perfam the indicated di\risicns'

2 _ _ . ;
L i P U I
I ey ——— ' E,xffi'éil_f

%48 3x + Té 5% + L - IE*‘-EK‘%.%% .

) Perform the indicated divisions
*ho | =X ngij‘ﬁ =1 L
X -3
2 .
* - g”i ko 3 =
#50 | 2 =L Ix - 1 -
¥ -2x -1 i

51 9x - 5% +3x +5 = (3x +5)( ) 30 a5k +1

52 x9+ z(x +l)(7 ) ! xs—xgé—lév_‘_

¥53 Ex_iixg-—x#sl:(:{'-xel)( ) Ex§+Ex=—;

18-3. Products and Quotier ts Involving Polynomiale

We have already had occasions to observe certain similarities between Sur

of integers, It iz reasonable

[\11

conclusions about polynomials and the propertie
to expect that au;r knowledge about factoring nalyﬂ@miale will help us handle
fractions z.rlvalvmg polynomials, just as our knowledge about factoring integers
helps when we work with rational numbers.

We must be sure we understand the meaning of a fraction in which -the

numerator and denominator are polynomials.

For example, let us . ’
1 | If x is 3, then . -.2:21_
652
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: e 23 then ESE g !
i x i1E i§, Ther = 15 —_—— s 7 ,T
= & E B N -
nes  E—— il name = rel number Tror il real .
- 1 p

-
v
i
s
-

“Te damein of the voriabtle =ust exclude values for

. +he dernominator has the vaelue O, 4

P I

N
I

[
[
:g}
&
[t
o~
|

‘y‘ - i E
x
i =
i x —_—
. 1 -
10 — -— ,
X - PX -3 y X
.

&

11
indicated variables?
ﬁi = 2x + ]
(A] S Dl
* ?] A 11—

- L&) =

[c) £21¥ £+ U
X+ y

{4] is not & resl number 4 x 1is 0. [B] 'is not a real number if | _

X = v. TFor example, [B] is not a real number if x is 1 and .
¥ 7%5 1. HNeither [C] nor [g} 15 a real number if x E y. [E] is

the correct choice, since x + 16 is positive for all values of x,

and hence is not O for any real value of X.

5823
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12

14

15
16

We have observed ((hapter 13) that in order to write

fraction it is often helpful to factor the pumerator
and denominator.
For example, to wrlte the simplest name for %, we

can proceed as follows:

(cormon neme)

(You may not need to write esch step.)
We were able to observe, by factoring 12 and 30,

that the greatest common _of 12 and

‘30 is .

We used this cbgerva:tian in completing Item 13.

Lx

Similarly, to simplify the fraction Ty

™

[
-

T
B

LR LT Y

we could think:

We followed the same pattern in this exasple. The expression 2x 1is the

greatest common factor of Ux and 2xy.

ERIC
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17

18

Notice that if x has the value 3 and y the
value 5, then
' hx | 12

the value of =— is .

the value of % is .

=
£
4]

.Indeed, ==~ == if x and y are ,sngngmzér@ real

¥
e

numbers,

2 for all non-zero real

hot 10

The fact that
numbers followe from the _property of 1.

654

o vy
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"
Applying exactly the same reasoning, we can simplify ?ﬁ. (Note

s#mt - must be excluded as a value of X.)

o0 - = C ) ) (Factor the numerator and

- denominator.)

Tt |
j u
]
]
b
-

iy

implify %—;ﬂ which is an indicated quotient of two polynomials,

T 3% -0
we wrote Lt as a gquotient of polynomials of as low degree as possible.

- RIS , provided x #1 and x # -1.
-1
2l , provided _ .
may be considered as the indicated
o , DProvided .

o | ———== s, provided N

I+ A, B, C, D are polynomials,

' 55 =T -

(g

This statement is true, subject to the restriction that
we must exclude from the domain those values of the
variable for which B is 0 and those for which

D is O,

ERIC
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/

28

30

Simplify; .that is, write in lowest terms. Assume that
the domain of x is properly restricted.

o1, ex (ke (x-1)

x (x + 1)2 X

i

(x + 1)(x - 1)2x
x(x + 1)(x + 1)

2(x - 1)
x+ 1 k
o /

_2(x-1) /

/‘ x4+ 1 —

/ : _

31

32

33

3h

35

— ] , -
Simplify each/of the following., Assume that the domain
of the variables is properly restricted.
difficulty, refer to Items 36-39, where the steps are

If you have

shown.

]
1
[
E]
+
]

The followi restrictio

1

C[Hints lex(-1)(x-)] | -2
/

i

ns on the variables in Item 34

. ;'%f*'

) x{o, a..iﬁf
;¢ , and —‘—ff‘*f and - §-¥¥;E

36

37

]
<

i
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Sx;é (1 +§:)(x

)
L]

it

39

We should have no difficulty in simplifying expressions of the form

where A, B, C, D are polynomials.

L/ mm il e

No difficulty, that is, if we properly restrict the variables ifivolved. Notice
that it is necessary to exclude all values of the variable for which any one
of the polynomlials B, C, D is O. '

We can use the following property of real numbers:

4o’ , provided b £0, ¢ #0, and a# O.

%
Y
ol

Ll

657 : : e
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o2 2
. i e X ! X
We sometimes prefer ———— to — .

X -1 fx + i)(x - 1)

It depends on whether the common polynomial form or the

e factored form of the denominator is to be used later.,

The set of excluded values of x for the preceding

L3 | example is - .

Simplify each of the following: Refer to page ii.
if you have difficulty.

DD

Li _—;—,,i__ E,;

45

\
i
|
|
E
¥
)

Perhaps we had better remind ourselves that it may be necessary to
restrict the domain of the varisbles in indicated quotients of polynomials,

For each of the‘féllgwingg state the set of excluded

valuez of x, You do not need to simplify.

W7

X
X

43 E-@,G,éz j:.::_ };i'

(1,4}

k9

!

!

i

|

|

\

I

I

|
,
Py
o
hegn
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18-4, Rational Expressions

By way «:af'-treirigw, simplify:

5 +.9 _
1 %a + 5= —_—

3.2
2 -

x 3%

1,1,1"°
3 la*ts*c® —
L 7,* + 7_;; =

368 ohpS T
5 | H-+-2=____

a 2a

§ 5 _ 5 JE - 1
PR e S
__5 L X =1
"x-17%-1
6 =
T In this example we used the ___ property of 1,
S writing 1 in the form jﬁf .
e 3 .2

Simplify: P a— + e

_3 4 .3 _m’,;g*_i; -1

m-1 m-2 m-1m-2 m-2 m-1
‘9 = 3(@73), ha E(}n:ll [Don't forget the

—_— ==— vparentheses!]

10- = __ ;
n)—t_s2.

m-n n —_—

x_ X __
L lx¥5-"x+3° —
£y &5 -,
2535

e 659 e




13| g5 - 2 < = [Hint: h“;fs.g Y

1]

R S A

If we encounter indicated quotients with more com-
Plicated denominators, we proceed as before, using our
knowledge of factoring.

a

T

5 -

16 -

5x = + = ,T' =

; _5x 53 O
17 ¥ - X ANg
x+3 (x+3)(x-3) x+3 0O

5% + 7(x - 3) s
{x +3)(x - 3)

.

[

oo
i

19 | ——+

o
[l
|
3l
[}
; 0
1]

ome more, for practice. vsimplify:

1]
1]

ar
2 3

x +K=é xg:l&x%-l;sﬁw

[
(%

o
o)
1

I

}

i

|

|

i‘

|

i

]

f
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26 | gt - —E s
a =25 3a+15

s

" Consider the phrase

We may simplify this phrase as follows:

2

[%

X 2 2
X -y

x - &

|

X X+y

1 +:

I*a

-

(:5* y)(x - y)
X+y

a single fraction.

o<t ¢

27 | x -

]

X
— y. 3
il i «

In simplifying ——>—

you might prefer to begin

by writing the numerator and the denominator each as

Hence, = —3 -
1+ =
2 2

ES\E—}"‘X
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‘two integers, 5

18-4 o - L

Simplify:

2 2
__ [Hint: Maltiply by &% .1

a2

Pl
+
ol

1]

30 [ I '“

rolH]
 §
m%“

1] P
il
"o
+
] )

32 | (1. =2y 4 L = [Hint: Add within
_ c © 7 parentheses first,]

o (Ttem 31)

(1 - 37 )1+ 55)

T (Item 32)

‘Buch phrases are called rational expressions.

De:fi;figtiax}- A phrase formed from members of a set consisting of the

real numbers and one or more varisbles and using at most the opera~

tions of addition, subtraction, multiplication, and division is

called a rﬁe.}:iﬁgqa; expression.

If you refer to the items noted above, you will note that every rational
expression in one variable can'be expressed as the guétien‘t of two polynomials

1in common polynomial form.

Agein we are sble to cbserve a similarity with our e rlier experience,
We recall that every rational number can be expressed as the quotient of

1
o - 3(,’2“)
Although 3 —

I
is & retional number, since it can be written (as you should verify) as !l_ég

is not written as the quotient of two integers, it

.,
i‘ii',.n-,a‘

662 S
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‘18-4

according to our definition.
We may write it as

We observe that

of two polynomials.

We might write it as

is the indicated _

=2, which is the

2% - & v
quotient of two polynomials in common polynomial form,

T

Notice that the expression x - 3x + 2 fits our definition of rational

expression. We can write it; if we like, as the quotient of two polynomials:

o
(5]

ERIC
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B
!
W\
B
+
L]
]

\
|

L]

Which of the following statements is false?

[A]
(8]

(¢l

(D]

Every polynomial is a rational expression.
Every rational expression may be written as the indicated gquotient
of two polynomials.

Every rational expression may be written as a polynomial.

1,2, 2+2 x(3+2) and

For each of the following, respond NRE if the phrase is
not .a rational expression., If the phrase is a rational
expression, write it as the indicated quotient of two

polynomials having no common factor.

=

=+1

W

663 _ . I
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L2

Summary and Review

In this chapter we have considered qu@tients of -pélﬁamia;s.
We have seen that if N and D are polynomials in one variable, with
L different from O, <then there exist nolynomials Q akd R suchithai

= 3 =

N =D +R, L LT

where either R is O or R has degree lower than that of - D,

We .ay restate this result as: ) . -

ol =
1]
m‘
ER

ol

We defined rational expressions,noting that their relationship to poly-
nomials resembles that of the rational numbers to the integers.

1

Review Problems -

1. Simplify the following rational expressions:
2.6
Xy
(m) 208%2°
(a) ——54- - e 4
T(xy")” 8" - a6 b -ab ab

2 .

30(ab®)

(v) - 3'2 + —;3 ‘% (a) b — éx ~ 5 _3x _
3%a” Hab Tbo -9 x"-lx+3 xX“+2x-3
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2.

18-5

Divide the gi’veﬁ Péljnam;ia,ls_-

23 2. Lo .3
N X0 - bx" x4 6 x> - 1
(=) x=-3 (e) X+ 1

S 3 2
y 3x + Uix” - kx
(v) o 3x+Z

Slmplify 1+ ———3—

A rug with srea of 2I square yards is placed in a room 14 feet by

20 Teet, leaving s uniform width around the rug. How wide is the strip
around the rug? [Hint: DIraw a sketch.)

Factor:

(a) «° - 2ox - U8

() %% - y® - bx - by

(c) 33t - 62203 + 128"
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Chapter 19

TRUTH SETS OF OPEN SENTENCES

Throughout thie course we have practiced solving open sentences, Our
general procedure; which we emphasized in Section 9-3, is to create a Ehaiﬁ of -
~ equivalent open senten&es; Tinally obtaining an open sentence whose.truth set
--?sglutiansset) is obvious. This method, you will recall, depends on the idea
that the steps taken in deriving one sentence from another are ;ggg§§1§;§ steps.
In this chapter we will examine carefully £hé question of which algebraic
a@ératigng.an sentences are "permissible"; that is, which operations lead from
_ one open sentence to an equivalent one. You may wish to review briefly the

discussion in Section 9-3 before continuing.

- 19-1. E@p@yg;gnE Equations

equation? i

I. Aiding the same real number to both sides.

IT. Maltiplying both sides by the same real numbers.

[8] I only [B] II only {€] both (D] neither

x=T=5 1is eéuivajent to x =5 +.7
g ° - B . :
3 We obtained x = 12 by adding _

' of the!érigins; equation,

The step is reversible, If we start with x = 12, we

4. | may obtain the original equation by subtracting -

| from both sides.

"Remember that."subtract 7" means the same as

5 "add the _______ of 7", or




19-1

If we start with any equation and add a certain real number to bBoth sides
to obtain a second equation, we may reverse this step by subtracting that ‘same
Our Justification for

this reasoning is based on the fact that'évery regl number has exactly one

real number from both sides of the second equation.

.

asg ‘additive iﬂVérsE;-

7 Whieh of the follewin

g pairs of equations aré equivalent? -

[A] = +2 =

X = =3

-5,
[B] 55+ 1=»L4+ ks, s =3

(€] 6-t=17, t=1 /

Adding the same real number to both sides of an equa-
tion iz a permissible operation since every real number

8 has exactly one  inverse.

Does every real number have exactly one multiplicative

has a unique multipli-

11

is equivalent to x =7 - 3

=
]

1]
L]

We obtained x = 21 by multiplying both sides of the
- : : -

\iih @rigingfiggﬂxticn by __ s :
9%/ If we start with x =

Bt ctep is roversible.

(1]
.o
=
Tom

=
o]

=
o

may obtain the ariginai equation by ii?idiﬁg bot

[
-
L

O

ERIC
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sides by __ - .

Remember that "divide

by

15 "multiply by the

16 "multiply by the recipr

3!1

means the same as

_ .inverse of 3" or-as

ocal of W

DO
=f
T
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I
L]

If we start with any equatiomn, and multiply both sides by a certain non-
i * - . =

zero réel number to obtain a second equation, we may reverse this step Ly -

aividiﬁé both sides of the second equation by that same non-zero real number.
fur juétificatian for this reasoning is baged on the fact that every non-zero

" real number has exactly one multiplicative inverse,

s ¥
* - e

Answers are on page iv.

following equations.

Golve each of the

-
[}
=N
i}
L]

EL#-

n
L

o

+
=
(]

L

L]

.

S g

-
[
=

M

+ 9 gEk=:7xa 1z 26. y +y3+yg*y+1 :yh+y3+y +1

M

Dy = j_c 27! £ = 5}{ + E« =0

. o ) -
22, xT +5 =1 ) 2B, x(4+1) = + x '

— i S

Suppose we wish to mulEiPly or divide hoth sides of an equation by a

.

phrase that contains a variable. .In order to solve s e
. , N

we are tempted to divide both =ides by x~ + 1., Is the resulting equation

E

equivalent to the original one?

=
29 | The truth set of x(x° + 1) = E(xg + .
30 | The truth set of x = 2 1is ___g~:hence, the
31 sentences are .
Notice that whatever real number X represents,
x? + 1 names a non-zerc real number!

To solve x(x - 3) = 2(x - 3) we are tempted to divide

32 | both sides by x - 3, and obtain x = .

33 The solution zet of x = 2 is .

34 | On the other hand, 3 ______ asolution of

't
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(%]

i

L]

X =

not _ to x(x - 3) = 2(x = 3).

Notice that if x is 3, then x - 3 has the value

~, and we may not divide by 0. We will return

to this equation shortly.

equivalient

e

May w. multiply both sides o

J2
X

=

— = \b} 2(x

x + 1 2

[

and oulain an eguivalent equatio.?

[A] yes [B]

38

39

Lo

[0y
[n]
=
<
T
|
[
I
M

(%3

Solve

N b
|

v
+ |+
P wn

Solve Eé—f—— = 1,
x +5

If you had difficuliy with Items 38-40, see page v.

Solve 3x(2x® + 3) = 5(2x° + 3).

ik
=
—
H‘
+
-
Mt

Solve 3;2([3:| + 1) -

Solve )x(BxE +L4) = (3xg + L),

divided both sides of an equation by an open phrase which named a non-zero
Let us return to the gpen

sentence x(x - 3) = 2(x - 3).

Lk

If we divide both sides of
x(x - 3)=2(x=-3) by x-3

obtain an equivalent equation.




k5

&

L7
48
k9

2(x - 3)7

How then do we solve x(x = 3)

name a real number for every

2(x - 3)

Tdoes,does not)
value of the variable,
Hence, we may subtract 2(x - 3) from both sides and

equation,

obtain an

x(x - 3) = 2(x - 2) iz eguivalent to:

[
I
—
£
I
I
g

Therefore, the solution set of x(x - 3)

Lix]

i

We have discavered\that
x(x - 3) = 2(x - 3)

=0 or x- 3= 0.

b
I
]

The solutions of thiz compound sentence are 2 and 3.

W
[0

53

54

56

ERIC
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2%(3%x - 1) = 5(3x - 1) 1is equivalent to the compound

sentence

2x -5=0 or _ .

13 Pt

There are two solutions, and .

x is equivalent to the zompound sentence

b
i
i

1 .
X = § = 7?{ .
The solution set is' s
.2 3 2 e
x(x® + 1) = 2(x" + 1) is equivalent to
_ 7;@ E“ 772@
The equation has __ -solutions?

19-1

does
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STl I 4, b, ¢ arc real numbers and if we know that ac

If ac = be, we muy subtrect be

‘ from both sides, Hence,

B¢ - be = 0. Factoring, we have (& - ble = D,"Théréféré,

& - b =0 or ¢=

0. The correct chaice is [C],

E;I + 1) (x . é)7= (% -

cormpound sentences:

#4 3x 4+ 1=x =5

2x = -6

5)(x - 2) i: equivalent to the

i
4
b
1
L

x(2x

e
0
b3

'
W
I

1
«‘ﬂ‘
R

[
=]
o

1]
=
—
£

(x - 3)(x° - 1)

a3
- 1) is eguivalent to

or x- -=1=0

We know that if a2 and b are real numbers, then &b

if a=0 or b= 0.

result may be extended to more than two factors,

abcd = 0

if and only if gbe - 0 or 4 =

if and only if &ab =0 or e =

>

= Q0 1f and only

We have been using this notion extensively. The

For example,

0
O or d=20

if and only if a=0 or b =0 or c=0o0r d=0.

~

i
-~
"

e,

672
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2)(x - 3) =

66 [ x(x - )

5

I,

=]
(3x% + b)(x

(35 + W)(x + 1)(x - 1)(

Py
-1

&8 | The =

P
[}
o
R
b
E
"

7o | tolve oo o Voo T

\J
=
E
T

‘ Mt
E

[

|

‘_«]‘
I
]
o
r

_:, :f:.;] § \u' - ‘)(.'_.;:

© (- Tx

(0,1,2,3]

) - v Uz
() o (x = 3x - ).

tratn . i=3,0,3]
Y( YO )
to = - @ . ¥ = -1l orx=11

3 - . K e =2

we mirht say,

or,

vwhat response to give. In particulor, w

mean "find the solution scotV.

1 owoe oi'ten

in the preccdlny

he mombors ol oo tlon oot or for o responsc

vious truth ret,

wertice of many motbemabllane. Inctewd ol coying
1.ocet ol -4 i {7ty
the rolutlon or sz = Hh - 17 1z 7,
it - b 1T, then ox o 7.
Caro to oward o g thut vou will know
f.:« usve "molve" to

If you feel that you de

each equation, f'ind the

not noed more nrociice, omit Ttems 7h-23.  For

selution set. Anowers are on pages v oand vi,

™
et

0.

673
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In thiz section, we have not "checked" ocur obtained colutionz in the

original equation.

If we proceed Irom one sentence to another u.:ln: only

permissible operations, we may be sure that the contences are equivalent,

Checking, however,

have been made.

does help to reveal whether care

8l

[
o
I
—
]
Mw
+
h
i

Let us see whether =3 + 242 1is s solution of

[

o]
Vn‘\
1
g
=
=
prs
2
i
pau]
ot

5
17 = 10/2

388 | which of the .ollowing always 2

equation?

Ii

[A] I only

I
s
]
s
P
X
[
It
o
=
s
ps
[l
I

e
e
o
o
e
e
i+
o)
E

I
wll
P
s
.
ul
‘gj
1

Adding the came real number to both sides.

Multiplying both sides by the came real number,

{C] both [ D] neither

[B] II only




89 | Which of the following poljmomials has the value O for all value

=
Hy

o

L]

¥ in the set (2,-1,0) ?

(Al (x + 2)(x - 2)(x)
[B] (x - 2)(x + 1)(x)
[cl (x-2)=z+121)

The correct choice is [B}, We koow that (x - 2}{x + 1)(x) will be
zerns if and only if X - 2=0 or x+1=0 or x=20, 8o we
see thut (x - 2)(x + 1)(x) = C aing

from the set {2,-1,0].

ik
&
fors
[
B
o
5
e
fod
s
-
E
7
e
o
L
e
Low
o
i

Do you see & method for finding = polynomial with the value O whenever
¥ takes a value in a given set? For instance, consider the set la,b,c,d}.
A polynomil which iz O whenever x iz a number in thisz set is

(x - a)(x - b)(x - ¢)(x - d). This leads, in turn, to a method for writing
equations if we have the truth set,

If the truth set or an open sentence is [3,-2), then
| x=3 or x= ___» which is equivalent to

91 | ( J)(_ ) =0, vhich ic equivalent to
92 .o

Let us write an open sentence having the truth

set (0,1,-1].

Some possible szentanco:s are:

93 =0 or %=1 or

ol ), x(x=1)(x +1)= 0

95 :":37 _= 9 . XB

-x=0

€06, Write a polynomial of degree three having integcers as coefficients which

=3

has the value O, for each »f the following valuec of the variable:

]
%, =%, . Answer is on pare vi,

! o

| o
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19-2. Equations Imvolving Fractions

Our work with factoring polymomials led naturally to the solution of
polynomial equations. We turn now to selving equations invelving rational
expressions. BSuch équagicns arise in a great variety of mathematical spplica-
tions, ©GSome examples are given at the end of this section.

First of all, if an equation involves fractions having resl numbers as
denoeminators, we should have no difficulty. ILet us solve such an equation by

two different methods in order to prepare us for more complicated problems.

To solve % - %’- = 2, we might first multiply both
sides of the equation by the least common multiple of

1 the denominators; in this case, by .

%]

We obtein the equivalent eguation - 6y = .

3 The truth set is __ .

) i _

Another method of solving 53'; -L- 1 would ve to

first subtract % from both sides and proceed as

mJ

follows:

I .z Y. . Writing the left hand side

6 Hence, 25 - 6y = is equivalent to the original

7 equation, and the truth set is ____ .

8 Our second method (Items 4-7) depended on the following:

0, then we know that:

]

If a and b are real numbers g:ni%‘
{A] a=0 [c] a=0 or =20
[B] a=0 and t- 0 (D] a=0 and b£0

676
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0 1is a solution of x° = kT

nene, a real mumber,

[

but if x is

0,
[B] is correct. :

equivalent.

;
v
-

B I

it
o)
)
Ny
g

=
b
b=

Ea]

o
iv]

The =zolutiorn ve

We observe that the

R |
i
T
s}
ot
L
psi
e
)
]

followin

[y
'

ik "1 < x =

2x

The colution of

[
Ty
ot

we may multiply bvoth sides of

«(1 - x), obtaining 1 -x=

=rtain valuer of x are not

We could have obtained this result by constructing the

chain of equivalent sentences:

L T
1
ry

T %

08 v

W‘
1
4
[

[

b

x40 and x4 1.
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then % doez not

xfO0end x {1

i
3




s
T
vl
t
W
1
i
rF
I
foa
|

I

|

"
s—
]

UJ\I \
et

= . {1}

@ Which of the followl ng centences have truth sets with an element in

g

wina
I
e
i
=
Lo
=
L]
)
|
B v
[]
u.._u

[}

L 1
P 3
[]
Ll
]

-y
Lo
[

']
|
(]

L]
IL..M
]
"_l\
|
{
|
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The truth sets are as follows:

R. i"?j_%} 8. gééj’ o {sijg} u ;{é}b

2 1s an element of each of the lest two sets, sa [C] is é’a;‘fréét, )

27 Solve each of the fczlmwlng equations, Then dec ide which of them have
QS for the cruth zet.

- L - o 1 - 1+ y
g8, —= + v U &=—L - +=—= =0
1+ b ¥ 1 -5

[A] & and

3
A2
t

u.
1

&
T
=

{B] naone of them 7 D] all of them

[A] is cﬁrrect; ma you g&t {—} far. thE txurth

28

[
w0

31

Ll

32

-
I

X

33 |" =

equivalent

equotions,

An open centence whiech is equivalent to % =L is

O
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notice that thisz is

. ox(C 1) '
R L) el o1 }:7_71— = 0 = fDSl}

i

zin our work this

I

LLYSLV Ly TLla0h

that ro denominator takes on the value 0. You will notice

> rectrietion Lo thosze discussed in Chapter 13 on

i1, Chupter 15 on rational expressions,

[
=~
AR
+

| usze our knowledge about factoring

= 120 rather than the multiplier

2k + 2012 - 720, In the same way we may use our knowledge of factoring

- Bx

5
b
]

Rt o

, ’ 1
il LT " X(x-1) T W(x2)

*42  1We multiply toth sides by .

=
8
L
(.
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Cur original equation is equivalent to: -

(]

»43 x+3(x-2)=2__ 8sd xf0,xf1, x{e.
¥4l |The solution set is .

Solving x + 3(x - 2) = 2(x - 1) lesds to x = 2, but

i

iz one of our excluded valuesz of x,

olve each of the f@llﬁying:

el

x 1 x

x-1 x -1 =x+1

It would be good practice if you were ito check the

gsolutions in the original equations in Items *L4S-%LT,

Here are some problems that lead to eguations invelving fractions., If

your answer itz nct correct, or if you arg not sure of how to proceed, complete
. - L8 ; JBER NP SRR 5 g

the items below the problem, 3

The cum of two numpers is 8 -‘and the sum of their

reciprocals is

.

] moy

L8 | What are the numbers?

One of two numbers whose sum iz 8 may be rep-

=
D

rezented by 8 - x if the other number iz |

An appropriate open sentence is

)
o]

In zolving the sentence -

51 |the rectrictions "x§  and x4

To czol }:
K :

We:obtuin: 2(8 - x) + = (8 - x).

1, 2
e ;*Bﬁ_ﬂ—; ;—3_, we will fm.ll‘t.ipl;y by,

LA
-
w—
[
]

=
=

L ek Ny,

O
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The open sentence (3 - x) + 3x-= ox(3 - x) it
2.

i

i

%
[

equivalent to 2x - _ x + 2h = 0,

el
=
T2

Hence, x° - 3x + = 0,

or . (x - 6)(x - 2) = 0,

s

L

This is equivident to x - 6 =0 or x - 2 =20
and, finally, to "a = or X = U

%
w_Th

The truth set is= {6,2].

wE can cZee: 11 oue numter iz tiie other iz C
Rl | E

“g  |their sum iz _ - and the sum of thelir

z
15 =

B 1
57 reciprocals, ? +
N : 3

In a certain =chool the ratic of boys to girls was %.
If there were 32600 students in the school, how meny

It g fééieééﬁts the number of girls in the

w1
vl

school, then there were  boys.

Since the ratio ¢ boys to girls is é we write

6o gég%;iéiesz and g # O.

We must find the solution set of the compound
Eéggalié = % and O < g < 2600, where
g is an integgr. =
2600 - g _ 7
= =
find an equivalent sentence whose solution set is

sentence:

To find the solution set of .
obvious,

The first step, noting that g 0, 1is to write
51 5(25@@ = g) = e 7

For the sentence 6(2600 - g) = Tg, an eguivalent

W3
[gv]

sentence is = -
63 |The truth set of the equation is .
_girls end ____ boys

in the school. Note that =200 .7

64  |Therefore, there are

we must)

***** 1200 ~ ©°

682

’ : /

_; . ‘ ) K '!: . 35 ég Es:? //;

8
2
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Totlive th- i =.

e three pres
T ) -
y
¥oowon 2t the 7
i th ity 5 hours

i 3
-~ - )
- i
' 3
L
" 3
Job,
B
i E
A
+al B together to complete the job, then in h
3 hoiurs one Jjob is completed.

- 683 'S
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We can solve for h:

C. working together, con complete
1

How lomy; weuld it

hours.

5
¥

LEy
p—
-t
M

Teciprocal of the

Branch 2

n of the eleetric cirecuit shown, the

resistance between points A and B

equals the

i
oy
5
Cr
=y

[ the reciprocals of the resistances of

the resistance

sz 3 .

(See page viii if you need help,)

Do
i, .'n’ ‘
i

684
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fYirce we zre not sure that our steps are reversitle,
we 2 in the originel equation
= .5
a /3% + 67 - , 10
10 | and 5+ L= . 10
Therefore we may conclude thot the CGrant Avenue portion
11 | of the walk is blocks, 6
Although we were successful in our approach to the lasi exomple, we need

fu
to investigate whether squaring toth sides of an equation always leads to an

equivaient equation,

Iet us gtart with the sirple egquatiorn x - 2, having
12 | the obvious solution set . {3}
If we szquare both szides of x = 2, we have
2 2
& 13 X = X =9
1% | The truth set of x = 9 is . {-3,3)
15 x =3 is not
We are
members of an equation may lead to 2 new eguation
16 | with a ] o truth set. . larger
(larger,smaller) ,
Now sgquare both mémberJ of x = Q.
17 | We obtain the equation - . IE = 0
2 )
18 | The truth set of x~ = O 1is the zame 35 the truth set {0}
of x =0,

We see that we shall have to be careful in drawing conclusions about the
truth set when weé square both sides of an eguation. It may be that by
squaring we create a new equation which has more elements in its truth set

than the original one had.

636 .
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19 I# & 8231 E are T - T, rnnowe conclude
s~ BT
z ne

3
(2)2 = {-2)° 1is a true senmtence. But is the sentence 2 = -2
[B]

is correct.

P2y
F—
S

1
-
1
el
"
£
]
’
»_M

™y
{45
im
[ns
—
o
s
a3
]
m
i
o]
y
—
£
1
[
—
il
—
10
1
o
Lol
-
[
-

o
[
o

solution

solution

e

[}
members of an equatiorn in attempting to discover iggpsalutian set, we must

s soluti

bl

check each solution of the new equation in order to be sure it i

of the original equation.

on
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L
1

Bt

X
¥
—
“n
it

Lz - ® e ¢
Zet of non-
s * negative resl

. nunbers
¥ oel - x {1}

. ¢

-
o
N
h

1

[
b

s
L)

rodlzaals, I7 we Lot e have

"

)
t-
.
4

=

Tooolve  Lwm e H e mold

Le | colve Yz - ox . {1)

: [See Ttem h2.]

Iolve each of *he rollowing. Answers are on page ix,

VA x| iz true for nl1l renl numbers X,

ERIC
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If h represente the length of the hypotenuse in inches, then the
third side i

3 - 14l inchee long. An open senience is
- 1kL + 1Z2. We find h = 13. The hypoten

L

=4 = uge is 132

x<h
- s * x > 28

O
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to besin.  For Inztance, we might proceed as follows:

t 1
- = + =
“+ o
t ot 4 .
A :
* o
iz 73
Notice that nll the otepr nre reversible.
X . .
N )
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numbers.
s than 21

real numbers

e et ob _greater than v2

o , real numbers

=3 -y The -et o .

B 2 . The zet of o " less than 5
- - =¥

= A Goml e - real numbers

- N [— greater than 2
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i i
(4] -1
m‘ —
i £
~ .
ipd
v
[
ck
—

m

CBimilarly,

29 and .

Thus, we ¥y interpret [x - 1| <2 ac

30 "The between x awld 1 ic

[N
=
‘E;]‘
fit]
ja g
o+
jacy
[
g
&
i

x| %

(K]
[l
2] "
jag
inl
Hy
s
o
b
ety
o
ot
[
o
5
-
A
]
i1
o]
-+
Lk
i
o
M
]
=
[ix]
T
fhon]
o
=
g
ph]
i
i
pul
+
i
2

2
!
e
)
my

3

[
M
]

- . x - 1] <2 and -1 <x <3 have the same truth set; namely, the

set of all numbers between -1 and 3.

’ Fotice that x - 1 <2 and [x,- 1| £'2 have differ

(=1
v 25J
O
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l The truth set of |y + 2| > 1 1is the set of all real | : e
v i e “less ‘than -3 or:
WA l numbers which nre either = or = . . greater than =1
! o

oL rwlution cet,

thee length is less than 5 inches, then

we cay nbeut its width?

¥ 1inches wide, then since the

‘ot we must have w 0 to satisfy the w>0-

+i the problem.

23"

g

then cx <4 1is equivalent to x

an you expect, arises if we wish to multiply or divide

v,
irequal ity by o phrase containing a variuble, UDome phraces,
are positive for all values of the variable. Others, such
- v, nre neputive for nll velues of the varinble.

tre: following ic a negutive resl number for every volue af
e xT
P - 1
L =x ic] e
-x" -1
1Bl |ex - 1 [D] =|x + 1] -
[C} is correet. You should have noted that -x - is positive ir x \\

5,

iz negative. Also, ]—!x - 1| cannot ba negative, whatever, the value )

of x., Finally, «|x + 1] dis negative except when x is =1,

696 v | ~

O
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5

Which one of the following phrases is positive for every value of the

L)
S

variable?

(8] -2+ 1) (B} (-x - b)

56 | To solve ———— < 1, we observe that X% + 1 1is
x +1

. for all values of the variable,

58 | This last inequality leads to 0< .

59 | The truth set is the set of a1l real numbers except .

60 | The truth z=t iz the set of . all real mumbers
- {ase page ¥ii.]

e

Unfortunately, many phrases lnvolving variables. are positive for some
values of the variable, zero for some values, and negative for still other
values. Inequalities which are solved by ﬁultiplying by such phrages offer
é new: challenge«—The remainder of this section is starred. It deals with

some problems of this latter type and with related ideas.

#* How do we solve an inequality such as

(x - 1)(x=23)>072
1
Notice first that .1 and 32 are not solutions. Let us select one factor,

say, x - 1, =and argue as follows: -
If x-12>0, then we divide by x - 1 and obtain
X - 3 >0. In other words, if x - 1 >0, we are

led to the compound sentence

x=1>0 and x-32>0.

697 JJJ
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]
=

0, then we divide by and obtain
- 3=<0.

1=

% In other words, if 1 <0, we are

to the compound sentence
and

2,
[y

ws I
i
oy

The truth szet of "x - 1 >0 and x - % = 0" 1is the

Lt

cet

of reuw: nurber:c greater than .

truth cet of Yz - 1 vl %

o

o
1 of res’ numbers lecz than .

The truth se< of (x - 1)(x - 3) < 0O is the union of

the truth =

gl =00,

Thereiore,

[

union of the

the szet of real numbers preater than = .

[

te interpreted in the

real numhers, and.

a =0 and

Groph (% - &) =0

Graph

%70

L The sraph of

We have round thnt

B
-2 -l

(x +

The graph of (x + 1)(x - 2) <0 1is .

O
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¢
* We might approach the problem of solving * (x + 1)(x = 2) < 0 by using
the following:
If a and t o&are real numberz, and

if ub < 0, then either a > 0 and

oo
WM
jo I o

or &< 0 and

It (x + 1)(x -

*71 then either x +

2) < 0 1is true for some X,
1

>0 and x -2 x-2<0
x72 or +1  and x -2 for the same x. ;E'% 1<0 and

A

e

e D

We might proceed by first no.icing that if = is -1
*73 or 2, then (x + 1)(x - 2) 0. We have indicated P

thiz on the number line below by writing "o": above

the points whose coordinates are -1 und 2.

L1
3 4

1]
L
'R
i =
W“
I
O
= O

_ Ve may consider the line as separated into three
#7h | regions: points to the left of = ' .1
*75 points between -1 and i 2
*76 and points to the  of 2. : right

For points to -the left of -1, x+ 1 <0 and x-2<0.

*T7 ~ Therefore, (x + 1)(x

*78 | For points between -3 and 2, x +1 >0 and x 2 JJx-2<0 .

i *#79 . ‘herefore, (x + 1)(x - 2) 0. <
" {Bee Ttem *71.)

For polints to the rieht of 2, x4+ 1 >0and x - 2 > 0,

=8¢ : Therefore, (x + 1)(x

‘Notice thnt there are no points for which "x + 1 < 0

=

and x -.2->0" 1z a true rentence.

* We might draw the following diagram showing regions where (x + 1)(x - 2)
is negative, zero and positive.
- *+ F 0 =====0+++ —3=
| I W S LA NS D B N

“ -4 -3-2 -1 _ 0 | 2 3 4

e . , , ]
With such a diagram we may read off the truth sets of the four inequalities:

(x+1)(x-2) <0, (x+1)(x-2)<0, (x+1)(z-2)>0, (x+1)(x-2)> O.

699 i
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Construct = similar disgram for each of the following. For answers,

see pnge xii.

~381. (x - D(x =) 83, (x+3)(x+1) -

. ﬂ

82, x(x'- 2)

*84, x%(x - 3) (Carefull)

Using your responses, cofiblete a simpler open

sentence for each of the following:

Inequality Equivalent Sggﬁengg

235 | (x - I){x-L4) >0 x<1l or x

33 | «7(x-3) >0 ¥ =- _and x>

«39 | Try te follow & similar p?%cedure and graph the truth

set of

&+1Kxﬁ$ﬁ>§)§&

—
I 2
) Craph the inequalities given below,

[

IR B B

L

L T
JUE
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=
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=

ntence we often look for an

=
pad
[a
)
pac}
o
o
o
™
o
=
3
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=
)
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&
]
et
o]
pal
Lo
ol
i
pa
i
[
=}

equivalent sentence whose truth set is obvious.

In the casze of equations, two operations which yield equivalent

i

=quations ar

L]

1) adding a real number to both members,

Z) multiplying both = .Yers by a non-zero real number.

I

o —

ol

ome operations which yield cquivalent inequalities are:
; Tgélﬁisé___

2) muiltiplying both members by a positive number, in

(1) adding a real numter to both members, v
( positive

which case the order of the résultiégngaducts is

unchan;aed,

——
.
et

+
-
L
'L;
i
,:..j,‘

i
Daal
o)
oF
e
=
2
g
il
et
(%
e

e
o
a
[
&
[

=
| =

Jd

o .
5
=S
]
H

.
=
ju

i3

which case the order of the resulting products 1

i)

*an oquation iz a yroduct of polynomials and the

right memter lz 0, then we -an often ajply the property of real numbers
that; ' »
For rea. numbers a and b, ab =0
* it ard oniy 1f a = 0 or b = 0. -

We =an an;ly our genera! knowledge of equations in solving equations

involving rrastions. It is very important that we note carefully the domain.

Squaring both members of an ejuation iz sometimes useful. However, this

operation may not result in an equivalent equation, Consequently, we must

" the naw equation in order to identify the solutions

1. x(xg + 1) - j(xg *ti) = 0 5. Z = = 0 :

i
[\
£
¥
=
e
i
[]
P o -
+
S o
W
-
I
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2].

*22.

*2h.

leéi

*27,

ERIC
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(x +1)(x - 3) = 7x - 3) 15, AT E-2=0

(x + l)(:cg

i
oad

2) = -(x + 1) 16, |x + 1]

b
[
| ol

x(x - 1)(x-2)=0 17. x| + x

- X2
X+ 2+2=0 20, 521 . : N
H

Solve and graph the following sentences.

(a) 222 _ ¢ #(c) xZ -4 >0

*(b) ff?:eo : (@ |x| »>2

Graph the truth set of sach of the followving sentences.

(a)  (x
(v) (x
(e) (x

3)(x = 1)(x + 1) >0
3ANx -1 (x+1)>0 and x>0

(e -1)x+1) >0 or %320

A man makes & trip of 300 miles at an average speed of 30 miles per
hour and return% at an average speed of 20 miles per hour. Hhaﬁ=was

his average speed for the enﬁize trip?
Generalizing Problem 23. A man makes a trip of d miles at an average’
speed of r miles Pef-hcur and returns at an average rate of ‘q miles
per hour; what was his average rate for the entire trip?
One automobile traveis s distance of 360 miles in 1 hour lesg than
a second going U4 miles per hour slower than the first. Eini'thek:ate
of the two automcbiles. '
One leg of & right triangle is 2 feet mote than twice the shorter leg.
The hypotenuse is 13 feet. VUhat are the lengths of the legs?
Find the truth set of |x - 5/2 > 9. ' .

!} -
At what, time between 3 and L o'clock will the hands of a clock be
tagéther?

. 702
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THE GRAFH OF Ax + By + C

Consider the following open sentence:
m 3y -2x+6=0,
What ﬁﬁuld we mean by the truth set of this sentence?

‘ Iét ugrcéﬁéider first, the éﬁen SéﬁtEECé iﬁ‘éﬁé )
varisble,
3y - 10= 0,
1 |The truth set for this sentence is .
Therefore, if y has the value %?; then
2 3y = 10 = 0- is
3 The graph of 3y - 10 = 0 1is .
Remember that the graph of the sentence 3y - 10 = 0
is the graph of the truth set of this sentence.

We are able to graph thils sentence since every point on the number line

corresponds to a real number.

L Now let us go back to the problem of finding the truth set of
iy :

3y - 2x + 6 = O,

Clearly, the truth set must contain values of the variables x and
Yy vhich make this sentence true. Suppose we try to assign the
values 0 and -2 +to the variables x and y. Which of the -

1]

P. 3(0) - 2(-2) + 6 =0 ' . )

0

1]

ICHE CORE DR
(A] Both P and Q.

[B] Either P or Q.

[c] I can't answer this!

/ 703 3:)3
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In the open sentence
3y - 2x,+ 6 =0

assign the value -2 +to the variable x and the

value O to the variable y. The opeh sentence

5  |vecomes 3 )-2a( )+6=0.

6 |This is a sentence.

(true,false

If we assign the value O to the variable x, and
the value -2 to the variable Yy, the open sentence
becomes

3(-2) - 2(0) + 6 = 0.

7 This isa _____.sentence.
true,false

n
P
(]
o
1

The pair of values, O for x and Vs
8. |makes the sentence ____ ..

The pair of values, -2 for x and O for 'y,

9 makes the sentence — __ .

Now let us try another psir of values for the — - —

varisbles x and y. Let x have the value 2

v

and y “have the value -
of by af 73 -
3(!—3)52(1“6&0

10 gsentence.

of numbers will consist of & value for the variable x and & walue for
Ll 2 fial 2 .
the varisble y. The truth set will be the set of all pairs which make

\' the sentence true.

- ) - =

. . E £y -
~. . . o d y

y
/
<
""u:
3
-
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It 1s awkward to keep writing

" is the value of x and

is the value of y." We would like to use a notation that would ipdicate
1) pairs of numbers,

2) which number is the x-value and which number is the y-value.

Ve agree to write_,(0,-2) to mean x has the value O, and y has
¢the value -2. The order in which we write the numbers O and -2 1in ten
notation (D,=§) is important. Thus, ve are considering ordered pairs

of real numbers. Note that we write an ordercd pair enclosed in parentheses

with the numbers separated by a comma.

The ordered pair (0,-2) is in the truth set of the

equation

3y =22 +6=20

1
Lo’
s
[
o]

11 |since 3(-2) - 2(0) + 6 =

(true,false

senternce.

12 |The ordered pair (1,- %) ~in the truth set
) 2

of the equation =

13. |The ordered pair (- ?1) ____in the truth

(is,is not

=0

-|set of the*equation
3y - 2x + 6

14 |since 3 ) -2 -)+6-=

v
Lo
[
o
Al

15 |~ =entence.

) Since 3(-2) - 2(0) + 6 = 0 is a true serntence the
16 (ordered pair ( , ) is in the truth set of this

equation.

17 *t¥he ordered pair (-2,0) _ - in the truth

A2 ig

D
set of the open sentence.

e
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The truth set of an open sentence in two variables

1& |consists of __*  pairs of real numbers which

make the sentence true.

&7
We always write the ordered pair as
19 |(value of first variable, _

o

of second variable),

=8
et if it satisfies the sentence.

(41

For any equation in the variables x and Yy, we agree al%ays'ta ]

call x the first variable, and y the second variable.

21 |Ir we write (%,1) we mean: x has the value

[
[k

and y has the value _. .

. If the equation is in two variables other than x

and y, we must always specify which variable is to

23 |be considered the variable and which is to

be considered the second variable.

%

I* we consider the open sentence

: , and we take r to be the first variable, by the

2k |ordered pair (0, 1) we mean __ has the value O,

]

_ has the value 1.

"
oy

-solution set of the equation

r+ 1.

We are able to graph, on the number line, the truth set of an equation

in éneiégiiggle. For example, th= graph of 3y - 10 = 0 is
y ( . )

\ ,
0 4 5 &

ol =
w1

_ How would we grarh the truth set of an ééu&ti@n-in two variables?
Sinéé the truth set ¢ ... 5tz of ordered pairs of resal numbérs, ve wauldi
need pairs of number lines to represent these solutions.

Jil

k4 Tﬁ\; .
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30 |Inm the ciiagramrsham _ﬁere F

=
s

horizontal number line. JL

| ]

i

- =37
In this diagram, P is associated with the number L

)

31 |on the _ nunber line. .

Herce, the first number of the ordered pair of

32 |numbers for P will be s
: ¥
33 |P is at the mumber -2 on the _____ number line. -
" . . oA
34 |The _______ number of the ordercd pair of numbers -

45 for P will, therefore, bLe -

We can write, in this cuve; as o label forr P the

. 36 |ordered pair of numbers ( , ).

A e = s e ———

L - ! " How would we 4abel a point on the horizontal number line,
ngrdg;-eﬁ-gaiggf,;real numbers? - ’ ) . .

- In the figure ’gelﬁsw,

i

associated with the

[V o

37 {number __ on the horizontal number line.’

P

) h
. 3}

2

Ay 1

-
¥
>
e
|

P
Ml i )
B
o
4
|
o
wit

I
!

e

F .
With what number on the vertical number line should we

38 |associate P? P is ____ the horizontal
- ) (above ;below,on)

number line. Since P 1is on the horizontal.line, it
39 |would be associated with the number _______ on the
vertical ngmber line.

ciated with 4; ordered pair ( _, ).

Oé . - .o - ;

- i-:‘" ’ . f~“7
~ . 313 e
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-3+ -3¢45 -3¢
Through each point R, 5 and T a vertical

b - ‘_ 1is drawn. »

On the horizontal number line, point R 1is associated

l# |[with the number - .,

on the vertigal  number-:iine.
: ¥
Wy IR 1s associated -rith the crdered pair ____ .

The point 5 is associated with the ordered pair

LPEI ,A I -

46 |The point T is associated with the ____pair
(3,0). ,

Dé we need a separate vertical line through each point in the p]ane§
The preceding items show that each point in the plaﬁé is associated with
an ordered pair of real numbers. We shall agree to draw only one second
;numbér line, perpendicular to the first number line and Witﬂ the same zero

point: ° ' - .

* - ‘gl
iz EL

4;

3i

. 2t
l.

TRl
™
w-
"
o4
o4
~t
o
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associated with the

with tre

number

inters
nuriter

]

.
Yois the _ o1
The ordinate of
Foint B hah

I

J— =t
|
A R eve
! . , & [
are .
[Ln
is .
('f:’j)!
A, B, C, D are

A are positive numbers.

B are

~ numbers.
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S = oave

g}
?

1

L5
-
Ly

-,

Sab

70

Itate In LAl 23l

Foints with coordinates like

(0,0) do not lie in any g

Lo th

am|

[

e

o

&

ol

]

i

f [y
i W
o

s

o

4/

W

[

w
W
it

(250); {D;'j)g (Ei;o)

uadrant. They ii= on

e ordinate, the point

, unless it is the

origin.

If the abscissa is the opposit

| point is in quadrant _ or

e of the ‘ordinate, the

, unless it

1 15 (0,0).

1 315

<

1
-4

11
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Wriﬁé %hﬁ @iééreé 1airé of numbers which are associated
with the points A through M 1in the figure bslow:

oAl ) Al6,-6)

) ofE(__, ) B(-5,-5)

76 e, ) REEEEEEE VI ©(3,-4)

77 o, ) SN S LD R (-6,-4)

N M .;;i:, ’

] e S K{2,3)

70 |p BEEEA N R o o
i et ST 7(4,6)

8y (§___
8 Kk

We have associated with any point in the plane an ordered pair of real
numbers, zalled the coordinates of the point.

Recall that we found, in the beginning of this section, ordered pairs
of real numbers which satisfied a given equation in two variables. Can we

find points in the rlane which are associated with these ordered pairs?

Consider the ordered pair (O;ag inithérséiutiggﬁéét?
of the eguation '

3y -2+ 6= 0.
In the pilane with x-axis and y-axis as indicated in
the following figure, can we locate a point with

coordinates (0,-2)7

87 | Sinze O is the value for
88 |and =2 1is the value for , we locate
89 |the point P, ___ uniis from the y-axis

90 | and unitz below the x-axis.

Tiz -

L IR BRLT1

O
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91 |The coordinates of P are (_ _, ).
92 |A point Q, with coordinate (1,- %) would be
93 |unit to the ___of O on the x-axis and
J1 . L
9 ‘|2 units 7 ] 0. on the vertical axis;
? above,below

that iz, below the x-axis.

Given any ordered gair‘af real numbérsiwe can always locate a point in
thé number plane with thisiardered pair as écardinates.
' We can associate with any ordered pair of real numbers, exactly one
point in the real number plane and with any point in the plane we can

assbciate exactly one ordersd pair of real numbers. :

96. On your response sheet locate each of the following points and label

it with the appropriate capital letter.

A(1,-3); B(-6,4); c( D,%); - D(-1,-1); E(-4,0);

(0,0); 6(5,2); HZ5); I(-h,-6); 3(-6,-4);

Turn to page Xvi +to check your work.

Ly 7
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20=1

97

58

99

100

Use the above figure to answer Items 97-10L.

[N

The of each peoint is

(abscissa,ordinate)

We could fin srdered pairs with

abscissa

All points with coordinates in which the absiisszas
e

are

P
% can be connected by & ___ . "

axis arnd is

=

his line is parallel to the

units to the right of it.

Examine the following coordinates:
(10,-3) (2,-3)

uinbs were locatad with reference to a cet

=
L}

these

b f

e the axis.
(above,below)

If a line were drawn through these points it would be

parallel to the ____ . axis and

units

e

abecissa

; many

‘line

vertical axie, -

or y-axis

3
2

bel@é;

horizontal axisy

or x-axls

horizontal axis,

or x-axls
3, below
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mars

2 iie
vertical axis,
or y-axis '
2, right

vhose numbered palrs

5 units to the right of it.

*
[
s

. Another way

rune-half revolution

=
o]

Answer the following 'guestion and locate the points reterred to

ok

parts (a) and (b). See

age for,the answers.

o 715 Jo
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(a) To what points do the following points go: 7
(2,1), (2,-1), (- £,2), (-1,-1), (3,0), (-6,0), (0,4), (0,-4)?

(b) What points go to the points listed in (a) above?
(c) Whet point does (c,-d) go to?

(d) What point does (-c,d) go to?

(e) What point goes to (ec,d)?

(f) what points go t> themselves?

Suppose we change the rule for moving the pointe to the following: The
point (g;d) is moved two units to the right. Then the point goes
to (c+2, d). What point does (-a,b) go to?
(A] (-at2, b)
[B] (2-a, b)
(el (-a-2, Bb)
(D] (a+2, b)

The correct choice ias [A] or [{B]. If we add 2 to the abscissa.
of (-a, b), we find (-, b) goes to (-a+2, o). This is
s equivalent to (2-a, b).
716 -
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Wi

nt in the plane

azso-iated with an ralr of rnumkers, called the

20-2

ordered palrs

truth set

variables

.sentence

ordered pairs
false Lo

iﬂﬂﬁ,cr

solution.

vricred

coordinates’

of the plane into two subsets:

)} the set ot all roints whose coordinates satisty the

The roints (0,2), (-6,0), (9,5) belong to the set

of points called the __ of the sentence.

do

do pot .

graph



20-2

13 |The points (2,0), (0,-6), (5,9) __ belong
do,do not)

to the graph of this sentence.

The open sentence "y = 4" has been considered as an open sentence in
the one variable y. We may, however, also think of this as an open sentence

in the two variables x and y written as

O-x+y =%,

ansidér the séntence yi ) ne )

4 as an open sentence in

W

two variables. .
14 Is (3,4) a solution?

s (0,4) = solution?

~
)
[

16 |Are (-3,4), (2,4), (-10,4) solutions?
What have all these ordered pairs in commen?
In each case, the second number, or ordinate,
17 is ] L, -

Try to visualize the points in the plane associated

with these number p%;rs.

If we consider "x = -2" as an open sentence in one
18 |variable, the truth set is ____ .

If we consider "x = -2" as an open sentence in

two variables, we could write
19 x + = .

20 " [some ordered pairs which satisfy this open sentence are o
[a] (!E;fg); (’53’2)1 (3;‘2)
7[757] B §*2;=E)3 B S’E;“E); (*"?;3) ) - e -

The truth set of y = 5 1s the set of all crdered

pairs vhose second number is __ .

4]
0
_” |

"i'g jE, 3 .

"
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The truth set of x = 0 1s the set of all ordered

22 palrs whose first number is _

[l
o
]

S

What is the graph of &1 open sentence of the form 2x - 3y

We have dlscavEred that the ordered p&ifé (D ~2) and

(1,- ,) are in =he solution set

-BXE—;D!
23 We may guess other solutions, such as (3, ). (3,0} '
Tt would be easier, however, to determine solutions if
we could write an egquivalent sentence with j by

itself on =he left side: Thus,

Thase are equivalent sentences since we have arrived
at the-senténée y = §§ = 2 "~ from the sentence

2x - 3y = 5

D by aiseriEE of reversibLe steps.

Th; sentence . . . —_

is called the y-form of the sentence

2x - 3y - 6 = 0.
The sentence Yy = %3 - 2 may be interpreted in terms of the absclssas
and ordinates of the points of the graph. Recall that the x-values corre-

spond to the abscissas of the points on the graph, and the y-values corre-
spond to the ordinates of the points on the graph. .

: g% -.| the ordinate is __ less than § of the . 2,.absclesa
i

O
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20-2

T
i
fe)
-
]

e
]
uﬂm
¥
n

s

.
&
*

=5 :
= _ abacissa

s
i
H
=
iR
i+
iy
T
-
<

ths ordiras

S is to be Lrie. 3

the ordinate is , i =6

i
-+
"
jay
o]
i
bous
[&]
"
Joe
TR
wy
fa
=
L
I

5]

%

is true.

[

(-6,-6)

salution of the equation

in this manner, complete the table in Ttem 34 so that the

I FE o

[
o
i+
s
b
T
Ful
=
w
[
e
izl
fad
I
.
X
-

or the equivalent

2 . = 7Q > 7(2 :! )
sh ¥ -5 -2 o | ) 8, - w
; NERE -8, b, 2, &

‘ollowing ordered pair: are solutions »@ thic

.
b
]

]
|
1 I
|
”
—
!

(0,-2); (3,0)
) (6,2), (9,4)

™
Da)
L,
o
i
f L
f
-
o
]
b
Lo
e

6e8), (s (-9,-8), (-3,-4)

38. Locate the points whose coordinates are given in Items 35, 36, and 37T
using the space on the response sheet for Itenm 34.

_Turn te page xviil to check your werk. Eefore contiruing, make any

necessary correctionz.

¥

0
I
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of

ordinaze is 3=

Had
"y

L

+
W

48

49

£y

for which the ordinate is

is every point on this line a

e AUECLBER

Go back to

line conne:

extend the

|

]
¥
v
(o
Ll
]
s
]
o]
e
-
Ly
bt
]
o

ine whosco

Iz there a poin: or the

toint are (12 ).

s
oo
]
[
oy
5
L4
N
bl
]
pay
b
7
rt
il
oo
%
1
T
La]

Is there a point on

(yes,no)

The coordinatos

You focund & roint

line.

Iz

of the .

- — - —

5 %
=

fx

]

point whose

jas

yes



The senicnce, Lhe
- s oz i,
SO0Tdlpates S
(¢, Fatih or the atove.
A specified line iz the graph of a particular open sentence
with the varisbled x and y if 'the coordinates of every
pointf on the line satisfy the sentence and every ordered
pair of numbers which satisfies the sentence are the coordinates
In each > e
the following goneral statoments:
] [f an oren is ot the irm ’
CwA ot By o oU -0, i
where A, F and C are rral numbers an A and F oare not both 0, then
the graph of this open sentence iz & Line. Bvery line in the plane is the
graph of an open sentence ot this rorm.
QL’T'

k 3% ’
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o oaXam: .o = 1 =5=20,
N C=-6
5 A=5,B=3,C=11
A=2,B=0,C=5
- A=0,B=-8,C-1

"

m

y =3
9

[,
3
=

i
[ F\
I
bt
)
|
|l
Ly
]
o

.

-]

(]

]
AN
Coi
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' Ech of the fgllawing paints, (o, EE), (6;6), (0;3); -

61 |{o,5), nas the value O for'the _____ . .
© 62 " |A11 these points are on the ;g;;ig .
63 An equation whose graph is the y-axis is __ .
B P . LY :
. The points. (-2,0), (0,0), (1,0), (2,0) are all on
64 the __-axis. ’
€5 An equatian for” the graph of the x!&xis is __ G
‘_ 66- ‘Consider the equation o - o
AR . 2y +5Bx+T=0.
Write this in y-form and make a table of drdered pairs that satisfy .
this equation. Then graph the equation. Turn fo page xx to
cheeck yc::ur vcrk. ‘
.+ [Write the equation . I
. x-ky+3=0
Y in y- -form. ' ' Y= i}
68 The ordered palrs g 0, ! and S _,0) 2 satisfy the
- ' equa.t.ian. -
& Locate these points on the coordinate axes and drawv the
|1ine connecting them, continuing the line to the ends
of the paper. )
+ * -
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Aruitoxt provided by Eic:

¥




70

T1

72

T3

Do the coordinates of every point on the line satisfy
the equation? (Try some values before you answer

this question.)

(yes,no)
If you have drawn the line accurately, the coordinates

of every point on the line will be in the truth set

of the equgtiané

Write the rpen sentence for the set of points such
that:

For each point the abscissa is equal to the opposite
of the ordinate. B :

For each point the ordinate is twice the absciszsa.
For each point the ordinate is the opposite of twice
the abscissa. . . i

yes

X==y,0r y=-%

¥y = =2x

Th.

" your work.

Draw one set of coordinate axes and draw theAéféph for the set of

points for Items TL, 7%? and 73. Turn to page xxi to check

75

76

7

79
8o

ERIC
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With referencs to onc set of coordinate axes, draw the

graphs of

(a) y = 3x, : () y = %x

i

() y = -3x, () vy

Turn to page xxi to check your graphs.
=

Tr.2n complete the following statements:

The graphs are all lines which ____~ __  contain
’ do,do not

the origin.
The gravhs of (a) and rige from left to right.

The graphs of and ____ descend from left to

right.

The graph of (a) is in guadrants I and .

The graph of (d) is in quadrants __and .

725 3.

(e).
(b), (d)

I and III

II and IV
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.complete the followlng statements:

With reference to one set of coordinaste axes,'drgw the

graphs of

(&) y=x+5 (¢) y=2x+5
(6) y=x-3 () y=2x-3

Check your graphs with ihose on page xxii, then

The graphs of (a) and (b) appear to be a pair of
parallel ____ . - 3

The same appears to be true for the graphs of

Plot these points and comnect the points (-6,-6) and
(6,6) with & line. Extend the line in both directions.
Check your graph with the graph on page xxii .

Are all of the points in Item 1 on the 1in§'thréugh
the points (-6,-6) and (6,6)? _

. i yes,no,
Does the line pass through the origin (the point
(0,0))? ' ) '

= 1

All points of the line except (0,0) are in quadrants

_and .
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10

13

14

That is, o point lies on the line if and only if its

| ordinate i. equal %o its abscissa.

Isbel the line "y = x". Continue with Item 8.

i e p—

Fill in the blanks in the “able below so that the
ordirate of each pair is the opposite of the abscissa.

P =

e o] M ] Jes 6
0 -k
a4 Lo Tres .l w7 6
,l, o e g:': - p o -
1 B s S K

Plat-tﬂése pcings using the séme Qpa%dinaté axes as
&au used for Item é?'vCénﬁecﬁ‘the points ~ (-6,5)
and (6,-6) with a line and then extend the line
in both directi@ns; (Eemémﬁérgghét a llne extends
indefinitely in boh directions.) Check your graph
with the graph on page xxiii. Ansver ﬁhénguésticns

below.

line connecting the points (-6,6) and (6,-6)?

i A . .
That is an open senterce describing this graph?.

This line passes through the origin and also .
the angles formed by the coordinate axes. (See

Ttem 6) ' ' '

Ail points of the line except (6,0) are in

quadrants ___ and s

-x. Note that the graph of

y = -x from left to right.

Would the points (20,-20) and (-20,20) be on the ™~

}:ﬁisects

- (rises,descends)

e

See answer below

y = =x
]

I and IV

descends
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15°

o roints such that the ordinate is. twice the

Use a table only if necessary. Connect

7
two o hweroints with a line and then extend the

“ine in toth directions. Check page xxiiito see il

IOREIRY

7
e
o+
o]
o
o
s
]
ol
&%
M
o]
ot
T
=
]
L
e
)
13
e
H
[y
o
[
&
ot
A
[
i
G
s
2,
e

fatel the yraph of this open sentence.

¥ - Ox passes throuch the point (0, ),

wommon to y - X and y = -x,

e

which i

The yrath oy = 2x ___from left to

oebisiie naing the same praph paper. Locate points

tiut the ordinate iz one-half the abscissa.

Conneest any two points with & line and continue the

if

i

fine In btotl directions. Check nage xxiv to se

corraect.

Py v ia

gen gentencee deseribing this graph is .

cst el the prach of This graph passes through

e

L ordiiein,

graph of ___ lies

y = 2x.

the graphs of y = =0x, ¥y - - =¥,

Turn to page xxiv to check your

irhs contain the point .

and:

[

VTR T nes oy - X

_ 1sMetween the L

e Clne L. bLetween the and -

Lines ¥ - =x

U, -

«
1]

g
]

-
le]

™
L=

L

L
1}

mﬂwi'

Y-



27 | The line y =_ is betweén-the lines & = x/ and
3§=G- ) ) ' V - ;

| £ you vere to graph the equation y = -6x it would
28 be between ______ and x = O.

The graph of y = .1x would be between the graph of
29 ye=x and y= . ’

Use the graph you have arsﬁﬂ to help answer these
questions. '

If en equation is in the form y = kx, where k is
any non-zero real ﬁumber, then the equation passes
:30 | through the point ( _, * ).

If 0<k<1l then the line lies between the lines
31 |y=0 and __ . '

I
e

If k =1, the line lies between the lines y =

32 fand" .

left to

right.
3% |If k is _ the line falls from left to right.

P ]

3% | If k = O, the graph is the -axis.

36 | What is the y-form of the equation y

" In the preceding items we have considered open sentences whose graphs. -
are lines through the origin. The direction of the graph depends on the
coefficient of x. As the absolute value of the coefficient increases, the

line becomes "steeper'.

Now let us éa;sidérrsgmé liéeérﬁ£iéhida:g%£ aiiii D
céﬂtsip.the origin. r
In each of the fall@wing open sentences
(a) y
(b) y -

(e) y

37 | the coefficient of x

i
B g

3,

Lufno

-
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Ly

¥ 3= .
For the point on the graph with abscissa 3, the

. . 2
ordinate iz = ) or -

3 —

Another point on the line y =

m
MAM
o
Ll
s
|
Ly

The point (0, ) lies on the graph of the equation -

A
—
[ i
e
i
-
I

'
I
t
i
Il
T
l

b

b

L

R

-+

1

I

‘ -

: !
<—*——:-~?—'—1’~ —

e e A,.__;__t‘,‘f .

R R B
' dodod b | I - —
L ; | |
RN A I e e
. . R i . g

A S S
h

L
} C
}

-
e e b -

e e e
'

|
! i -
(RPN SO R S S
T
P A S
e

i
+
|

In the

(3,2) are on the line ___ .

€

The point (-3,2) is U4 units above the point

=3 ).

The points (-3,2) and (-3,-2) Kave the same

——
(abscissas,ordinates)

but different .
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b5

L6

-@bscissas but different ordindtes.

Jpoint on the line y = %ﬁ + L,

the péints on the graph of y =

The péints (D 0) and L _ é,l have the same

In fact, if we add 4 to the ordinate ‘of any' point
on y = %x; ‘we obtain the ordinate of the corre-
spﬁnding'pgint above it. This is the ordimate of a

T:c two points have the same R

To draw the graph of .y = =x + I,

2

of § = upward L units.

)

50

3 b=
- Graph the lines y = £x and y-= =x + 4 using the

Sinee the point (0,0) is on the line y - 3%, the
. .3 =
point- (0, ) is on the line y = %x + bk,
, o : , "
The peoint (3,2) is on the line' y = %ﬁ and the point
(3, ) is on the line y = %X + b

The point (-3,-2) is on the line y E_%ﬁ' and the
3

=
same cuordinate axes. Refer to page xxv to check

yagr;graphs,

The points (0, ), (3, Y, (-3, ) are on the

2
graph of y = %K = 3. . .

'In each case, the ordinate of a point dn the graph of

y=% =3 is__ less than the ordinate of the

c@rréip@nding JDlﬂﬁEﬂlthE graph of y =

Sl

[N

Graph the cquation of y = Sx - 3 on the same zet of 7

coordinate axes that you used for Item 50. Turn

(Q,k) |

% -

- abgcigsa

to page %XV to check the graph.

| ot 33 .

we may add U4 to the ordinate~ ~*

Or, we mayﬂsay that we move the graph

' ¢0,4) [{g, on)]

(D '3) (33'1)3

o



'20-3 .
_ — - _ __ _ A1
- The graphs of
. 2 ;
= y = §}§ =
=
o _ 2
y = ? + L{. R
\‘ 2 _
£ /= 5X = 3
yEgx-3
3 skl - __ intersect each other. , do mot .
do,do not .- ' : ) s
. : . £
- > , . \ . . L §
The graph of y= %x interédexts the. y-axis at the v !
55 | point (__, ). - i (0,8)
. Note that the coordinate of the polnt of intersection
of two lines would be the ordered palr of real numbers
which satisfy both equations. This ordered pair is
the intersection ol the truth sets of the two open
senteuces.,
" The craph off y = %ﬁ + b intersects the y-axis at
~ = . 3
56 | the point { , ). {o,4)
57 { If we add 7 to the ordinate of each voint of the L
58 | graph of . wo -get the ordinate of the corre- ¥y = %x
sponding point of the graph of y = = '
' 59 Ir we uubtrat:t - 7 frcsm the ordi nate of g&ch >
] =
“point of the graph of y = %ﬁ ve zet the ordinatds .
] ’ - ]
60 | of the corresponding points on the graph of — = Yy - %i -3
. _ ‘;} ) -
61 | The graph of y = = 3% - 3 intersects the y-axis at 0,-3)
" the palnt 7;!7 )
_ The point (O0,4) 1is called the y-intercept of the graph of y-= %3 + 4,
. 'I'fhl.; la t_he pgint @f intersection of the graph and the y-axis. Sinze the
Equatlan of the y -axis is x = O, -‘the y-intercent is the point of inter-
section of the lines y = %x + 4% and x =0,
. L i ;
- 62 | The point (0,4) is the- y-_ __ of the graph Jy-intercept
of 2y = %x;# L.
- ES
B The y-=intercept of the graph of y = %x - 3 1s the .
. =~ B = R _ 1
63 | point (0, ). (0,-3)
. N
B ’
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. 67 | The equation Y = gﬁ + 6 has y-intercept number —
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166 | The y-  npumber of the equation y

_ 69 | is . L

.70 | The slope of the graph of y': -2x iz _ .

. TL | The slope of the graph of y = 3x + 2 ig" .

T4 | Tt appears that the.slope may be-

] . . 2 - - i 4"\\‘
| The y-intercept of the graph of ¥k $x 1is the )
64 | point ( _, ). ‘ " , (0,0)

e - e d o T

" The'number 4 is called the ;i}igte:ggggrnumbggraf the. equation
=x + b

e
U]
WA i,

) ihér‘yiintercept number of the equatian‘ y = %x =3
65 | 1s . _ '

s

I
Wﬂ;m .

i~

n

o

L
The y-intercept number of the equation y = mx-+ b

65- is -,

| The coefficient of x in the equation y = mx + b

Refer back to the graphs in Item 23. The graphs of the equations y = X,

‘y=x, y = 2%, etc., all have the same ysintézcébt; but each graph has’

a different direction. We cbserved that the direction depended on the
coefficient of . :

This leads to the following definition:

The slope of & line is the coefficient of x in the y-form of the
equation of the line. " ;

The slope is a number which determines the direttion of the Idne.

72 | The - of the graph of 7y = %x -3 is %.

I
5~

What 1s the slgpé of the graph of y = 4% Sincg y =
13 can be written y = O0:x + 4 the slope is _

or 0.

e 133
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We have defined the slope of a line as the coefficient of x in the
y-form of the equation of the line. Thus, the slope of the line y=mx +b

[l

the form y
What can we say about the slope for lines with equations of the form
a? ' ’

b have slope O.

ir

. X _
Ea

Recall that to find the slope we may begin with. the
form Ax + By + C = 0. '

= We put this equation in y-form by dividing by B,
75| -the coefficient of 7- .

However, the equation x = & may be written as -B
76| x - a =0 and the coefficient of y is __.- .

. There is no y-form of the equation of the form x = a. Lines with

équa,tigns of this form are vertical lines. The slope 'is not defined for
vertical lines. : ) .

77 | What can we say about the 8lope for the line 2x = L?

(A] The slope is undefined.

(B] The slope is O.

(c] The slope is Eg\

Find the slope and the y-intercept of the graph of each of the .
78, ¥
9. y=-x+4 8. 3y =21
80. 3y = 3x.+ 11 ’ 85. x=-5

]

x + 207 B S 83 Tx

I
&
e
i
o

8l. 3x+y=1 ' 86. y =mx+b,

82. 2x+by-5=0
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We have seen that if the equation Ax + By +.C = 0 can-be put in
i y-form, the coefficient of x

e i

n the y-form is the slope of the graph

. and the constant is the y-intercept rumber.

. . -Equations of the form y = k have zero slope. That is, the slope of
 any horizontal line is O, ' .

r - Eguatians ¢f the form x = & cannot be put in y-form. That is, the
¢ slope is undefined for vertical lines. ‘ ’

=

[}

il

jrar

¥ oE]

20-4. Applications of the Slope and Intercept

1 | Graph the equation y s%x - 3.
-y

We have labeled the points (2,2), (0,3), (4,7) in the
graph of the line y = %x = 3? .
2 | The slope of this line is _____.

3 | The points -(_,2) and (4, ) are on this line.

The Dré;nates of the points (2,2) and (4,7) kre
'l}!‘,--- 7575,&.:1;7 = . - B

is

-l

B 345
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5 | The aifference of the ordinates is 7 - = 5.

We call the difference of the ordinates the vertical

ge of the line from one. point to the other.

6 | The abscissas of these same points are ___and .
7 | The aifference of these abégissasvis*;,,ejég;§ 2.
The djifference of fhe abscissas is called the
horizontal change from one point to another on' the
line.

8 The ratio of these differences is

.9 % is the ratio of the differences of the _____ +to
10 | the differences of the _ .

But we know from the definition of slope that g is
11 § -the _of the grgph of y = %( = 3.

= — T =

Note the order of the numbers in the ratio f;—gg b

The differences 7 - 2 and *4 - 2 came from noting
the vertical and horizontal ‘changes from the point’

| with coordinstes (2,2) to the point with coordinates
| ¢, ). :
Suppose we look at the ratio of the changee from
(4;7) to bcg;E)i

Then the first number in the numerator would be 2 and
13 | the first number in the deneminator would be ___ - .
. Y- ratio would be 2=0 =

Mﬂ

L]
10

we—"2 = ____, we see that the ratio of the

eré’tiea  change to the horizontal chahge from (4,7)
16:| to (2,2) 1is the same as the ____ of the vertical -
change to the horizontal.change from (E;E')Z;a‘(h;?).. I .

15

=

. F - .
Suppose we had chosen two other points on the graph of ¥ :%x - 3.
Would the ratio of the vertical change to the horizontal change Dbetween
these two points be g? i ‘

4 ,

LY

¥

H

-
e

7360 . ! T

my
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i 1

e
b
.

I h
#~+
=y
r— #

e
[P
| !
—
|
>

In the above graph we have labeled the r.int:
2,-8).

The difference between the absciszas Can

.18 2. (Remember to use the first numior Lo

correspond to the ordinate -3.)

] __ vhich is the of the lino.

4,

The ratio of vertical change to horizontul has

Thé above discussion leads to the folluwim: ,wir

/ S )
‘Theorem 20-Ua. For any two points | und
1ine,fthe ratio of the vertical —huu-

change from P to & 1s the slupe 0 uls

If you choose to omit the proof of thisz thoor,

i

¥
£

slope



20-k4

*26

*27

*
Ny
o

*29

Theorem 20=4a. For any two points P and & ina

non-vertical line, the ratio of the vertizal
change to the horizontal change from F to §

iz the slope of the line.
Pf@@f:

The equation

AX*E}’*C:Q

[

5 the equation of & __ .

iy

B = 0 this equation becomes .

Lt this is the equation of a _ _ line and the

rlope of this line is undefined.

We therefore make the restriction, B # O.

L}
L
=
)

The y-form of the equation Ax + By + C

The slope of this line is .

of these points must satisfy the equation o .

Let P have coordinates (a,b) and Q have

coordinates (c,d).
The ratio of the vertical change to horizontal change
Q is -

from F to

Since P and §Q are on the line

Ax + By + C = 0,

A Bb+C=0 andalso AL ) +B(_)+C-=0.

An + Bb +C=0 and Ac +Bd +C =0

The gentence:

is equivalent .o the sentence:

As + Bb + C - (Ae + BA + C) = O

AC - )+ B( ) =0.

Ala - ¢) + B(b - d) - O is equivalent to

| o

= ¢

(since P and Q are different points on a non-

ERIC
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vertical line, a £ c so that a - ¢ £ 0.)

8 /

3|

w3
"3

If P and Q are points on this line the coordinates

1 ES
LA LG
yE="5 "8
= 3‘ S



oy
=

20=k

¢

horizontal

vertical

36,
37
35,
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20-L

L3

bl

(-6,6) and (-3,2) are on this
line, we know the slope is

2-6

Since the points

or

We could check this by counting the squares. That
from (-3,2) to (-6,6)

vertical change.

there are _ units in

There are 3 units in the ____

is,

the

What is the equation of this line? We could write
in y-form if we knew:
[A] the slope

[B] the y-intercept number

[c] both the slope and the y-intercept number

_ S WY NN TN TR N NN S N
AN S N U SN Y S S A I S
N N A
;\(\-s,éL _ e _
A . Y S S T
4 . ]
RN . L _
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(953

b

=

L8

b
I

What is the ejuation of a line = % and
P 1
Y=intercert numter -3%

The equztion of the line

o=

also satis{ies the eguation

+-
1
L)
'
L]

't %

ﬂ_]‘
=~
|
't
ko

*a
"
n
13

w\

]
iy S

Lk



an glope
. y=intercept
3.0,
= D‘(‘i; = 3
£. (023) =
i) y=3%+3
1 o
. v ==x +
y 5 3
13 y= 1?2; - !F
i ¥ E%’t -2
i3k y=3
5 x=3

can we graph

o
]
p)
Rl
]
=
o
it
M
H
]
i
ey
i+
=

Suprose a line has slope
nuriber, .

iio | The equation of this line is y = - yr-ogxt 6
One way to graph this would be to Tin: some ordersd
cairs in the truth set.

de may also draw the graph by fivst locw. ing the

and then trying to locate another (0,8)

atisfy the riven

o
i
e
o]
o+
=
b
]
14!
)
I
D)
o
H
o |
=
pu
]
it
i3
[}
=
v}
o
e
0y
o

> kn :

=4

the ratio of _______ change to vertical

£, horizontal -
N AU
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then Jdraw loa.oi0 = = oan - smeact
(L“;"')- .
y
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3
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following line

Compare

Lrooored rairs

on this lire with the

chifs [o the eguatlion of the line by showing

)
p ]

the eguatlizn is
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90

91

ke
My

93

[;Ej

5

97

48

99 1

If the line contains the peints (&,2) and (-3,1)

the slope of the line is .

If (x,y) is another point on this line the slope is

is dirferent from (k,0) wo can write

Sinee (x,y)

. ! | .
is y - L= 7(5 + 3) or

(x,¥) is also difrerent from {-3,1), so we can also

write .
"

=01
- v

=

The equation of the line is y -~ 2 - %(g - )

\|::\
4,

arc on

Consider & non-vertical line.

We have Loen writing the equation of such a line in

either of the forms:

Ax + By + C - 0, vhere we insist E,é or

Yy -mx b, where m i3 the _ ___of the line.

Examining the second of these forms, we see that the
right-hand side '"mx + b" is a polynomial in the
variable - __

If m ¥ 0 the degree of the polynomial mx + b

Any polynomial of the

i
0y
i
}—
—
I
fary
o

first degree is
linear polynomial.

_ . , 1L R
Thus, 4x + 2, -2x+ 7, and Zx are all
=

polynomisls in x.

o

7@3ﬁ~ 1

i
7

B#fo
glbpe -

linear
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(v)
T (e)
(d)

O
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2. Draw the g

X
& =7

-
L
-

ya

an open Ser

thorce:,

y

i

€




3. The point (a,b) &t the right y
is in the second guadrant.
. -
- (a) Is a positive? (a'b) R
(t) Is b positive?
(¢) If the coordinates of P, Q, —— —x
and R bhave the same
absolute values as the
abscissa and ordinate of - .
. ) P Q
(&;b), state the coordi-

nates of P, Q, and &
in termz of a2 and t.
(d) Ir (:,d) 1is a point in the third gquadrant, in which quadrant is

the point (:,-d)? The point {-2,d)? The point {-z,-4)2

h. Draw the graph of ™y = 3x + 4", On the same sct of axes graph:

(8) v = 2(-x) + 4 le) y - fax L) -,
(v) v = -(3x + L) vd) oy o= e - z) e
Which of these lines are parallel?

- 5. (&) With reference to one set of axes, draw the graphs of

2x +y =5 =20
€x + 3y - 15 -0

What iz true sbout these two rraphs? low 122k at the wauntions;
how could you get the second equation rrom the rirst?
(b) What is true of the rraphs of

Ax + I+ C - 0

and
EAx + EBy + KC = C
i
for any non-zero k7 ) o

e

et
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(o) O, ) ane a0
{} ( I ) L ( P
e, LTI > { ! - ot na o osinr (m- oo,
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(2] = 3 : T

.
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3 D wirn g 1
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g
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*10. Consider a/ci:gle of diametzr 2.

]
(a) writd an expression in .d for the

Isitﬁis expression linear iz 47

HJa_v

it i§ diameter is doubled?

wha4 can you say about the ratio

“ éh&ﬁge when the value of d i3 :ha

(x) Wr#te en expression in d <Tor the area of

e |
¢
L]
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Chapter 21

GRAPHS OF OTHER OFER SENTENCES IN TWO VARIABLES

" 21-1. Graphs of Inequalities

The graph of those points such that the ordinate of each

=

point is 3 times the sbscissa is & _

2 | Te equation of this graph iz y =

3 Graph the equation y = 3x =and label the points
(221‘6)1 (511‘3); (D:D)j (1:3)1 (Egé)i
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“r. the same set of coordinate axes as that used in
Ttern 3, locuze and 1a¥®A the points (-2,-3), (-1,1),

he peint (-2, ) is on the line y = 3x.

of the polnts in Item 4 lie on cne line?

Py

(yes,no)

let uc think of one point as “corresponding” to another

U tney huve the same abseicsa. Thus, the point in
‘ 4 correcponding to (!E;—é) is (eE! ).
foe:s the point  (-2,-3) lie above the corresponding




O
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The ordinate of a point above the 1line
9’ - o . the ordinate of the
/ {is greater than,is less than)

corresponding point on the line.

10 | The ordinate of each point on the line is _ times
| the abscissa. .

11 | This' is expressed by the open sentence y= .

For the points above the line, the ordinate of each i

12 | point is more than 3 times the . /
: - !

13 | This may be expressed b# the open sentence y

Do the coordinates of every point sbove the line y = 3x satisfy the
open sentence y > 3x ? /

For example, (6,18) 1is cn the line y = 3x. A corres-
ponding point above the ' with abscissa 6 would be

1L 6, ) .

— — e e ——— R -
[Write an ordinate satisiyily, the condition.)

/

For any point withjabscissa 6, and ordinate greater

12 | than 18, is ¥ % 7x a true sentence?

. yes,no _
(Try any ordinste preater thun 18 and you yill see

that thic is true.

e T
i i

The open sentence Yy > 3x in satisfied by every point above the line

i)

.y - 3x. That ig, the tru;h set of the centence y > 3x consists of all the

points above the line y - 3x. The graph of ihe sentence y > 3x 1s the graph
\ ' oo . .
of the truth set. Thus, thg praph of y > 3x  is the set of all points in the

plane which lie above the line y = 3x.
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3
v

We shall indicate the graph of the open sentence y > 3x by shading
the portion of the plane containing all of the points in the truth set:

Z 1

e 5555FEEEE§§77 7 1T

SIS, HNE
SN
BS=SHESSSSTERENE

== b

= 3= | | T
—5 _ i} _
— % —f— t=
| %&%7 ,

The points on the line y = 3x are not in the truth set of the sentence y > 3x.
We draw a dashed line to show that the points on the 1iné ¥y = 3x are not in-

cluded in the graph of the truth set. The dashed line is the boundary of the ,
region of the plane all of whose points satisfy the open sentence y = 3;;' ~-'€

How would we graph the truth set of the sentence
] ¥ #3x 7 The truth set of this sentence iz the
16 ' of the truth sets of the

(union,intersection) t

gentences y > 3x and y = 3x.

Thus, the graph would consist of the region of the

t
17| plane _ __ the line y = 3x and the

18| 1line y = .

. 754




3x iz

Graph of y > 3x

Note that the graph of y = 3x is drawn as part of the
graph as a heavy line, since the points on the line
y = 3x.
&

ERIC
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21.1 . : ‘

The graph of this equation is a line.

Consider the graph of y = 3x:

ni INEENNNV/EN 1
B INEIE D
ENEEENEEERV/ANE T
ENENEEREN /AR
AT T T T
_ B I N I: _ _. _

The points of the plane are

above the

line, below the line or on the line. We see that the line separates the plane

into two half-planes.

L
te]

The graph of y < 3x 1s the set of points _ the
line y = 3x.

The graph of 'y 3x 1is the half-plane such that for
every point the ordinate is less than three times

the -

The graph of y < 3x is the  containing all

points such that every ordinate is less than or ___te

three times the abscissa.

Using a separate set of coordinate axes for each, draw
the graph of:

. 3\=; o7T. y>x+ 2

%6, y=x+2 2B, y>x+ 2
Compa